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An iterated function system (IFS) is a finite collection (S;)i_; of contracting
self-maps of RY. The attractor of an IFS is the unique non-empty compact
set which satisfies

Objective: Quantify the geometry of attractors of IFSs.
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(a) A point 7(1i) (b) The image 7(ci)

The attractor X of an IFS is an invariant set (a repeller) of a related
dynamical system. There is a natural projection w: ¥ — X, where
Y ={1,...,n}" given by

w(iiz---) = |i’m Sy 0S,0...05,(0).

We say that a measure p on X is ergodic if there is an ergodic measure
(w.r.t. o) v on X, such that u = m.v.

Does X have an ergodic measure of full Hausdorff dimension?
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In some cases the answer is yes, most notably (if overlaps are not too severe)
in cases where

® Each S;is a C*™® conformal map.
® Each §; is an affine map (although not always!).

Sometimes finding a dimension maximising measure might be difficult (or it
might not exist), but one might have a variational principle

dimy X = sup{dimn p: p is an ergodic measure on X}.

Goal: Establish such a variational principle for a class of IFSs which is both
non-conformal and non-linear, and explain an application to a problem in
Diophantine approximation on fractals.
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The class of IFSs we study are called non-linear carpets.

Let (f)7_; and (gj)/Z; be self-conformal iterated function systems (IFSs)
on [0,1], that is, each f; is a C*™ contraction and each gj is a C**#
contraction on [0, 1].

We assume that both IFSs satisfy the open set condition (OSC), that is,
there are open sets U, V C [0, 1], such that f;(U) C U, gj(V) C V,
f(U)NF(U) =0 for all ik # i» and gj, (U) N g (U) = 0 for all j1 # jo.
Let AC {1,...,n} x {1,..., m} and consider the planar IFS

(S = (i, &))pen-

The attractor of the IFS is called a non-linear carpet.
For a fixed io = 1,..., n, we call the collection (Sj, j);: (io,j)en @ column,
and for a fixed jo = 1,...,n, we call (Sij,)i: (ijo)er @ row.
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Figure: On the left a Baranski carpet and on the right a non-linear carpet.
Non-linear carpets are generalisations of the self-affine Baranski carpets,

which correspond to the case where (f; = aix + u;)]_; and (g; = bjx + v;)7;
are self-similar IFSs which satisfy the OSC with the open set (0, 1).
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Theorem (Baranski, 2007)

If X is a Baranski carpet, then there exists a Bernoulli measure p = pp, where
p = (pij)ij)er, on X, such that

dimy g = dimy X.

There is a nice formula for the Hausdorff dimension of a Bernoulli measure on
X: If each f; = ajx + u; and gj = bjx + vj, then if up is the Bernoulli measure
associated with the probability vector p = (pi ;)i jjen. and we assume without
loss of generality that A(p, a) > A(p, b), then

. 2igyen () log ai(p) > i jyen Piilog(pij/ai(p))
dImH)u‘P:g(paa7b): )\(p a) + )\(p b) )

where A(p, a) = Z(i,j)e/\ pijloga; and qi(p) = Zj: (i.j)en Pij-

This formula depends only on p, a and b, and on the measures of rectangles
in each column (or row). It does not depend on translations!
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Figure: A dominated and a non-dominated non-linear carpet.

Theorem (A.-Fraser-Koivusalo, 2026+)

If X is a non-linear carpet, then

dimpy X = sup{dimy p: p is ergodic}.

Assuming a domination condition, i.e. for all (i,j) € A
/ . !
sup |gi(x)] < inf | (x)],
Xe[0’1]| j (I < inf 16 ()]

the analogue was proved by Gatzouras and Peres, 1997.
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The idea in the proof is to approximate X by Baranski carpets:

For large n € N consider the n-fold iterate of the IFS

(S1.5 = (fi,85))(1,5)ean: this has attractor X.

For any € > 0, for large enough n, the bounded distortion lemma shows
that

L I < Do o A< I -+ 1
and similarly for gj, o... 0 gj,
Therefore X is close to being the attractor of a Baranski carpet X, with
contraction ratios a; := ||| and by := ||gj||, and in particular

dimy X, — dimy X.

Let v, be the Bernoulli measure associated with p, = (ps,5)(1,5)enn
which is the probability vector which gives the dimension maximising
measure for the Baranski carpet X,

Using similar ideas as above, one can then show that dimy p, — dimy X,
where p, == Ty as n — oo.

While v, is onIy o" ergodic, by letting fi, = 7.s, where

Un =130 u,00 ¥, we get the claim.
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By using the Bernoulli measures p,, we can prove a rigidity result for the
non-linear carpets. The lower dimension of X C R? is

dimLX:sup{s>O:ElC>0, st. Vxe X, 0<r<RK1

NA(X N B(x,R)) > C (?) }

® Quantifies the size of the thinnest parts of the set.

® For closed sets dim_ X < dimy X and in general (for example for most
Baranski carpets) the inequality is strict.
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Theorem (A.-Fraser-Koivusalo, 2026+)

If X is a non-linear carpet, then

dimy X = sup{dim_ X": X" c X}.

Proof combines previous methods and a trick of Ferguson—Jordan—Shmerkin.

Proof sketch: Take a deep iterate (S; j)(i,j)ea SO that the attractor is close
to a Baranski carpet X, and let u, be the dimension maximising Bernoulli
measure. Take another deep iterate and pick words which have correct digit
frequencies

Coke={(i1- ik o) #0 (4, 30) = (1, 3)}) = [kps 31 V(i,§) € A"}

Then the attractor X, « of the IFS (S; 5)(.5)er, , has a very uniform structure
and one can show that dim_ X, x — dimu X, as k — oo, which gives the
claim since dimpy X, — dimy X.
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The result has an application to Diophantine approximation on fractals.

By Dirichlet’s approximation theorem, for any x € RY, there exist infinitely
many p € R? and g € N, such that

We say that a point x € RY is badly approximable if there exists
¢ = ¢(x) > 0, such that for all p € R? and g € N, we have

Question: How large is Bady, the set of badly approximable points in RY?

Theorem (Khinchine, 1926; Jarnik, 1931; Schmidt, 1969)

We have L(Badg) = 0 but dimy Badg = d.
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® One expects Badg to be, in some sense, uniformly distributed in RY. One

way to test this is to see if
dimy X N Badg = dimy X,

for some X C RY.

® Note that some hyperplanes contain no badly approximable numbers!
Consider X = RY™ ¢ RY. Then by Dirichlet’s approximation theorem on
R, there are infinitely many p € Z9~! and g € N, such that

p 1 1
X—E < 1+%:O 1+% )
q 1 q
so X N Bady = 0.

® If X avoids hyperplanes, then the full dimension phenomenon has been
verified for many sets, for example:

Theorem (Kleinbock-Weiss, 2005)

If X is an Ahlfors regular set which “avoids hyperplanes”, then

dimy X N Badg = dimy X.

Roope Anttila University of St Andrews 26.03.2026 [€%3)



%9 S Andrew
Badly approximable points on fractals Andrews

The following result is essentially a generalisation of Kleinbock and Weiss'
result to the non-Ahlfors regular setting.

Theorem (Fishman, 2009)

If X € R? is closed and hyperplane diffuse, then

dimy X N Badg > dim X.

Recall that if X is Ahlfors regular, then dim_ X = dimy X, but in general
dimg X < dimy X.
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Theorem (A.-Fraser-Koivusalo, 2026+)

If X is a non-linear carpet, and some row and column has at least two maps,
then

dimy X N Badz = dimy X.

Proof: For any € > 0, our earlier result gives X’ C X, such that
dim. X’ > dimy X —e.
The set X’ is hyperplane diffuse by the assumption. Thus
dimpy X N Badz > dimy X’ N Badz > dimg X' > dimp X — &.

O
Das—Fishman-Simmons—Urbarnski (2019) proved the analogue for Baranski
carpets.
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Thank youl
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