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Abstract. We study a class of strongly local, regular Dirichlet forms on the

standard unit interval. The aim of our work is to record some Hölder regularity
properties that have not been noted in the prior literature. In particular, as

our main result, we show that for every δ ∈ (0, 1] there exists a metric measure

space (X, d, µ) equipped with a strongly local, regular Dirichlet form (E,F)
on L2(µ) with the property that δ is the supremum of α ∈ (0, 1] for which the

domain F of the Dirichlet form contains a non-constant α-Hölder continuous

function. To the best of our knowledge, such examples were previously known
only for δ = 1. In our construction, the value δ is characterized by the upper

Hausdorff dimension of a certain Radon measure that is used to define (E,F).

1. Introduction

The general theory of Dirichlet forms provides a far reaching generalization of
the quadratic Dirichlet energy

f 7→
ˆ
Rn

∥∇f∥2 dx,

see [15, 22] for the standard textbooks of Dirichlet forms, and Section 3.2 for the
definitions relevant to this article. Dirichlet forms provide a unified language to de-
velop analysis of stochastic processes, Sobolev-type function spaces and regularity
theory of partial differential equations, on metric spaces without any smooth struc-
ture. For instance, there is a whole branch of analysis called analysis on fractals
which is largely dedicated to studying Dirichlet forms on self-similar sets, such as
the Sierpiński gasket, the Sierpiński carpet and the Menger sponge [3, 6, 8, 11,31].

Moreover, it is by now well-known that Dirichlet forms are related to another
theory of analysis on metric spaces based on upper gradients, see [13,23,33] and also
[26, Section 14.3]. On the other hand, we note that neither of these theories cover
the other. For instance, upper gradients do not necessarily satisfy a parallelogram
law, see [23]. See also [5, Theorem 2.6] for a proof showing that the theory of
upper gradients degenerates on the Sierpiński carpet. Furthermore, see [6, 34] for
constructions of a strongly local, regular Dirichlet form on the Sierpiński carpet
and [7, 10,27,28] for some of its intriguing properties.
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1.1. Main result. The aim of this article is to improve our understanding on
pointwise behavior of functions in the domains of Dirichlet forms. Specifically, we
are interested in Hölder regularity, which often appears in the related literature on
heat kernel estimates [24,25]. Let us introduce the necessary terminology required
to state our results.

Given α ∈ (0, 1] and a metric space (X, d), a function f : X → R is α-Hölder
continuous (or α-Hölder for short) if there is K > 0 such that

|f(x)− f(y)| ≤ Kd(x, y)α for all x, y ∈ X.

As usual, if α = 1, then f is called a Lipschitz function. Note that, assuming (X, d)
is geodesic, the above condition is superfluous for α ∈ (1,∞); a differentiation shows
that it leads to constant functions. For this reason, we only consider α ∈ (0, 1].

Now, consider a metric measure space (X, d, µ) equipped with a strongly local,
regular Dirichlet form (E ,F) on L2(µ), see Section 3.2 for the definitions. Through-
out the work, we call the value

δ∗ := sup{α ∈ (0, 1] : there exists a non-constant α-Hölder continuous f ∈ F}

the critical Hölder exponent of (X, d, µ, E ,F). Here we understand δ∗ = 0 if F con-
tains no non-constant Hölder continuous functions. Note that α-Hölder continuity
implies local β-Hölder continuity for β ∈ (0, α] and in this sense, the precise value
of δ∗ captures the highest possible regularity carried by functions in the domain
F . A classic illustrating example is the Rademacher’s theorem which states that
Lipschitz functions with X = Rn are differentiable Lebesgue almost everywhere;
see the seminal work of Cheeger for an extension of Rademacher’s theorem to a
certain class of metric spaces [14].

Our objective is to study the properties of the critical Hölder exponent δ∗. To
the best of our knowledge, there are no prior works that consider δ∗ in the Dirichlet
form literature, but some related questions have attracted a notable attention; see
the discussion below. We are interested, for instance, in the following questions.

(Q1) Which values can δ∗ take?
(Q2) Is δ∗ a strict supremum or a maximum?
(Q3) If α ∈ (0, δ∗), are α-Hölder functions dense in F?

While it is clear that the classical Dirichlet energy on Rn satisfies δ∗ = 1, we
are not aware of any (X, d, µ, E ,F) for which the precise value of δ∗ is known for
δ∗ ̸= 1. In other words, (Q1) seems to be wide open. Our main result is an answer
to (Q1).

Theorem 1.1. For every δ ∈ [0, 1], there is a metric measure space (X, d, µ) and
a strongly local, regular Dirichlet form (E ,F) on L2(µ) so that the critical Hölder
exponent of (X, d, µ, E ,F) is equal to δ.

This article also provides insight to (Q2) and (Q3), as well as discusses some
other properties of δ∗ through examples, see the end of Section 1.3. The remainder
of this section overviews the critical Hölder exponent δ∗ within the prior literature.

Even though the precise value of δ∗ is unkown in most cases, there are many
examples where it is known that δ∗ > 0, or in other words, F contains non-
constant Hölder continuous functions. This holds whenever (X, d, µ, E ,F) satisfies
sub-Gaussian heat kernel estimates, see the introduction of [29] for a nice overview
on such examples in analysis on fractals.
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In [2], it was verified that the domain of a self-similar Dirichlet form on the
Laakso diamond space does not contain any non-constant Lipschitz functions. Note
that this is not strong enough to preclude δ∗ = 1.

Lastly, we discuss the case of the self-similar Dirichlet form on the Sierpiński
gasket (with the Euclidean metric) which has received attention for some related
questions. For this Dirichlet form, every f ∈ F is α-Hölder continuous for α =
log(5/3)/ log 4. This can be understood as a counterpart of the Morrey inequality;
see [31, Corollary 2.1.17] and [3, Lemma 8.17]. In [37, Section 6.3], Murugan con-
jectured that F does not contain any non-constant Lipschitz functions; note that
even if Murugan’s prediction was correct this would not give a non-trivial upper
bound for δ∗. And lastly, there is an old conjecture of Barlow and Perkins from
1988 [11, Section 9] that the domain of the associated Laplace operator, let us de-
note it by D(A), does not contain any non-constant α-Hölder continuous functions
for α ∈ (log(5/3)/ log 2, 1]. Moreover, they prove in [11, Theorem 5.22] that every
f ∈ D(A) is α-Hölder continuous for α = log(5/3)/ log 2. Hence, the conjecture
of Barlow and Perkins concern a similar critical Hölder exponent for D(A), and
claims it to be equal to log(5/3)/ log 2.

The conjecture of Barlow and Perkins was positively resolved very recently by
Qiu and Wang [39]. The question of Murugan, however, still remains open.

1.2. Construction of Dirichlet forms. In order to prove Theorem 1.1, we con-
sider a class of Dirichlet forms defined on the standard unit interval [0, 1]. The
idea is very simple, we just pull-back the classical Dirichlet energy on the real line
along carefully chosen homeomorphsims. More precisely, we fix a non-atomic Radon
probability measure Λ on [0, 1] with full topological support, denote its cumulative
distribution function by U (x) := Λ([0, x]), and define the Dirichlet form (E ,F)
according to the formula

E(f, g) :=
ˆ 1

0

∇(f ◦ U −1) · ∇(g ◦ U −1) dx.

Here ∇h denotes the usual weak derivative of an absolutely continuous function
h : [0, 1] → R. The domain F consists of continuous functions f : [0, 1] → R so
that f ◦U −1 is absolutely continuous and ∇(f ◦U −1) ∈ L2(dx) where dx denotes
the Lebesgue measure restricted to [0, 1]. Lastly, we also fix a reference measure µ,
which is any non-atomic Radon probability measure on [0, 1] with full topological
support. The choice of µ will not be relevant in the Hölder continuity results but it
is customary to make such a choice in the general theory of Dirichlet forms1. In the
following section, we sketch the main ideas to finding the critical Hölder exponent
δ∗ of ([0, 1], | · |, µ, E ,F).

Before getting into details about δ∗ in this setting, let us briefly comment on the
above construction. Firstly, a different formulation producing the above Dirichlet
forms is introduced in [15, Section 2.2.3]; see also references in [15, Section 3.5]
for some historically important works on the associated one-dimensional diffusion
processes. To conclude that these are indeed the same, one only needs to apply
classical theory of functions of bounded variation. The details are left to an inter-
ested reader, and the required tools to this end can be found, for instance, from
Proposition 3.3 and [26, Page 112]. Secondly, we could have alternatively changed
the metric on [0, 1] and kept (E ,F) as the standard Dirichlet energy to achieve

1A reader dedicated to not fixing µ could alternatively consider resistance forms [31].
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the same effect. The present formulation is chosen because it seems to lead to
the cleanest exposition of our results. And lastly, we remark that an alternative

definition (f, g) 7→
´ 1
0
∇f · ∇g dΛ never leads to a fruitful theory when Λ is not an

absolutely continuous measure, see [22, Theorem 3.1.6] and [16].

1.3. Fractal geometry. Given ([0, 1], | · |, d, µ, E ,F) as above, its critical Hölder
exponent δ∗ turns out to be related to the infinitesimal scaling properties of Λ.
Recall that a Radon measure ν on [0, 1] is α-Frostman if there is C > 0 such that

ν(B(x, r)) ≤ Crα for all x ∈ [0, 1] and r > 0.

Our work identifies the following weaker variant of the Frostman condition to be
crucial. Due to the lack of better terminology, we call this condition the generalized
α-Frostman condition.

Definition 1.2. For α ∈ (0, 1], we call a Radon measure ν on [0, 1] generalized
α-Frostman if there is a Borel set E ⊂ [0, 1] with ν(E) > 0 satisfying

(1.1) lim sup
r↓0

ν(B(x, r))

rα
< ∞ for all x ∈ E.

Stated in other words, ν is generalized α-Frostman if and only if it contains a
non-negligible piece where it satisfies the classical α-Frostman condition, infinitesi-
mally2. This notion has direct and well known connections to dimension theory of
measures which is studied in fractal geometry. Let us review the definitions relevant
to the article, and refer to [21, 36] for a more comprehensive introduction to the
subject. The lower pointwise dimension of a Radon measure ν at x ∈ [0, 1] is

dimloc(ν, x) := lim inf
r↓0

log ν(B(x, r))

log r
.

The upper Hausdorff dimension of ν is then defined as the ν-essential supremum

dimH ν := ess sup
x∼ν

dimloc(ν, x).

The following lemma, which is standard in fractal geometry, records the relationship
between the generalized α-Frostman condition and the upper Hausdorff dimension.

Lemma 1.3. Let ν be a Radon measure on [0, 1]. If α ∈ [0, dimH ν) then ν is gener-
alized α-Frostman. On the other hand, if α ∈ (dimH ν, 1], then ν is not generalized
α-Frostman.

Proof. This essentially follows by carefully comparing the relevant definitions to
each other. Nevertheless, let us sketch the details since we do not expect the reader
to have a background in fractal geometry.

Assume first that α ∈ [0, dimH ν). It holds by the definition of dimH ν that

E := {x ∈ [0, 1] : dimloc(ν, x) > α}
has ν(E) > 0. Then, by the definition of dimloc(ν, x), for every x ∈ E there is
Rx ∈ (0, 1) such that ν(B(x, r)) ≤ rα for all x ∈ E and r ∈ (0, Rx). This proves
that ν is generalized α-Frostman.

Assume next that α ∈ (dimH ν, 1]. Then there is ε > 0 such that

Z := {x ∈ [0, 1] : dimloc(ν, x) ≤ α− ε}

2Note that, by taking a subset of E if necessary, the infinitesimal condition (1.1) can be
upgraded to the classical Frostman condition on a set of positive measure.
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has ν([0, 1] \Z) = 0. It is not difficult to see that (1.1) fails at every x ∈ Z. Hence,
ν cannot be generalized α-Frostman. □

These fractal geometric concepts give a complete characterization of the Hölder
continuity properties of (E ,F).

Theorem 1.4. Let Λ and (E ,F) be as above, and let α ∈ (0, 1]. Then, there exists
a non-constant α-Hölder continuous function f ∈ F if and only if Λ is generalized
α-Frostman.

Note that Lemma 1.3 and Theorem 1.4 immediately yield a precise value for the
critical exponent δ∗ in our setting.

Corollary 1.5. If Λ and (E ,F) are as above, then δ∗ = dimH Λ.

Theorem 1.1 now follows once we find for every δ ∈ [0, 1] a non-atomic Radon
probability measure ν with full topological support satisfying dimH ν = δ. Con-
structions producing such measures are widely known in the fractal geometry liter-
ature but we nevertheless give full details in Examples 5.2 and 5.3.

Furthermore, we discuss the question (Q2) by constructing examples that realize
cases where δ∗ is a strict supremum, and also cases where it is a maximum, see
Examples 5.2 and 5.4. The question (Q3) and some other density properties are
studied in Section 5.3.

The remainder of the introduction outlines some extensions of our framework.

1.4. Heat kernel estimates. For the sake of future reference, we also record re-
sults about heat kernel estimates in Section 6. In particular, we show that given
any β > 2 our construction realizes an example ([0, 1], | · |, µ, E ,F) that satisfies
sub-Gaussian heat kernel estimates with space-time scaling Ψ(r) = rβ , see Theo-
rem 6.4 and Remark 6.1 for details. To our knowledge, the existence of such an
example on the real line was not written down in the prior literature, although
some experts were already aware of this phenomenon.3 We note that the existence
of a (X, d, µ, E ,F) satisfying sub-Gaussian estimates with Ψ(r) = rβ for β > 2 is
well-known; see [4, 38].

1.5. Extension to p. In the recent years, there has been an increasing interest
in p-versions of Dirichlet forms, see [17, 18, 30, 32, 41] and references therein. Our
methods do not rely on the linearity of Dirichlet forms, and therefore our main
results are formulated for general p ∈ [1,∞) instead of restricting to the case p = 2.

Structure of the article. In Sections 2 and 3 we set up the preliminaries and
the general framework. Section 4 contains the proof of Theorem 1.4. In Section 5
we complete the proof of Theorem 1.1 by giving suitable examples of measures and
applying Theorem 1.4.

Finally, in Section 6 we identify some conditions under which our construction
exhibits finer analytic properties. These are unrelated to the Hölder continuity
results but are of independent interest. For p = 2, we obtain heat kernel estimates.

3The first author learned about sub-Gaussian estimates on the real line for the first time from
Mathav Murugan during an informal meeting in 2025. This discussion happened several months

before the work related to this article started.
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2. Preliminaries

2.1. Notation. Throughout the article, C denotes the space of continuous func-
tions [0, 1] → R, and ∥ · ∥∞ stands for its uniform norm. The open balls of [0, 1] are
denoted by

B(x, r) := {y ∈ [0, 1] : |x− y| < r}.

The notation dx always refers to the 1-dimensional Lebesgue measure on [0, 1].
When ν is a non-negative Radon measure on [0, 1] and p ∈ [1,∞), we use the

usual notation Lp(ν) for the Lebesgue spaces, and denote the norm by ∥ · ∥Lp(ν). If
ν also has full topological support, meaning ν is positive on non-empty open sets,
we always identify C ⊂ Lp(ν). Given a Borel measurable f : [0, 1] → [0, 1], we
denote the push-forward of ν along f by f∗(ν). Recall that

(2.1)

ˆ
A

g df∗(ν) =

ˆ
f−1(A)

(g ◦ f) dν

for all Borel measurable g : [0, 1] → [−∞,∞] and all Borel sets A ⊂ [0, 1]. For
notational convenience, we shall write the integrals over intervals

ˆ b

a

f dν :=

ˆ
[a,b]

f dν

where 0 ≤ a ≤ b ≤ 1 and f : [0, 1] → [−∞,∞] is Borel measurable.

2.2. Sobolev spaces. Let us next fix the terminology related to first-order Sobolev
spaces on the real line. The relevant background may be found for instance in
Section 4 of the book by Evans and Gariepy [20]. For the basics of absolutely
continuous functions see Chapter 7 of Rudin’s book [40].

For p ∈ [1,∞), the notation W 1,p always refers to the first-order (1, p)-Sobolev
space where the domain is the open interval (0, 1). The weak derivative of h ∈ W 1,p

on (0, 1) is denoted by ∇h ∈ Lp(dx). The usual Sobolev norm is denoted by
∥h∥W 1,p := ∥h∥Lp(dx)+∥∇h∥Lp(dx). Lastly, whenever we write h ∈ W 1,p, we always
identify it with the absolutely continuous representative h : [0, 1] → R. Recall that
this representative satisfies the fundamental theorem of calculus,

(2.2) h(y) = h(0) +

ˆ y

0

∇h dx for all y ∈ [0, 1],

see for instance the 5th exercise problem in [19, Chapter 5]. In particular, we
understand that W 1,p ⊂ C.
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3. The energy form and its basic properties

This section provides the details about the construction discussed in introduc-
tion. As already mentioned, we consider general p ∈ [1,∞), but also discuss the
p = 2 case separately.

3.1. General framework. Fix an exponent p ∈ [1,∞) and a pair of Radon mea-
sures µ and Λ on [0, 1]. Both µ and Λ are assumed to be probability measures of full
topological support that contain no atoms. The cumulative distribution function
of Λ is denoted by U : [0, 1] → [0, 1] where

U (x) := Λ([0, x])

for all x ∈ [0, 1]. Note that U is an increasing homeomorphism, and that U∗(Λ) =
dx. The former holds by the hypotheses. To justify the latter, first note that

Λ
(
U −1((a, b))

)
= Λ

(
U −1(a),U −1(b)

)
= Λ

(
0,U −1(b)

)
− Λ

(
0,U −1(a)

)
= b− a,

where 0 ≤ a < b ≤ 1. The equality U∗(Λ) = dx is now a consequence of
Caratheodory’s extension theorem.

Given these parameters, we define the p-energy form as follows.

Definition 3.1. The p-energy form is defined as the pair (E ,F) given by the
following. First, the domain F ⊂ C consist of f ∈ C such that f ◦ U −1 ∈ W 1,p.

The p-energy E : F → [0,∞) is given by E(f) :=
´ 1
0
|∇(f ◦U −1)|p dx. The domain

F is equipped with the Sobolev norm ∥f∥F := ∥f∥Lp(µ) + E(f)
1
p .

Throughout, (E ,F) always refers to the p-energy form in Definition 3.1 given by
the parameters that are clear from the context. This admits an intrinsic first-order
calculus. We define the derivation D : F → Lp(Λ) by

Df := (∇(f ◦ U −1)) ◦ U ∈ Lp(Λ).

By U∗(Λ) = dx and (2.1), it holds that F = H dx-almost everywhere if and only
if F ◦ U = H ◦ U Λ-almost everywhere. This shows that Df does not depend on
the choice of the dx-representative of ∇(f ◦U −1) ∈ Lp(dx). Hence, the derivation
D is well-defined. It also holds that ∥Df∥pLp(Λ) = E(f) < ∞ for all f ∈ F .

The following proposition shows that the natural map f 7→ f ◦U −1 is an equiva-
lence between the normed spaces F and W 1,p. Note that this map is not always an
isometry because the Lp-norms ∥f∥Lp(µ) and ∥f ◦ U −1∥Lp(dx) are not comparable
in general. The equivalence of the Sobolev norms is a consequence of (2.2).

Lemma 3.2. The map F → W 1,p given by f 7→ f ◦U −1 is a linear bijection such
that there is C ≥ 1 satisfying

C−1∥f ◦ U −1∥W 1,p ≤ ∥f∥F ≤ C∥f ◦ U −1∥W 1,p

for all f ∈ F .

Proof. Note that, by applying Hölder’s inequality to (2.2), we get

(3.1) |h(y)− h(z)| ≤ ∥∇h∥Lp(dx)

for all h ∈ W 1,p and y, z ∈ [0, 1].
Now, the map f 7→ f ◦U −1 is a linear bijection F → W 1,p by definition. Thus,

we need to check the comparability of the norms. Since E(f) = ∥∇(f ◦U −1)∥Lp(dx),
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we only need to estimate the Lp-norms. Let ν := U∗(µ). By the formula (2.1) and
the fact that ν is a probability measure, it holds for all f ∈ F that

ˆ 1

0

|f |p dµ =

ˆ 1

0

|f ◦ U −1|p dν

≤ 2p−1

(ˆ 1

0

ˆ 1

0

|(f ◦ U −1)(x)− (f ◦ U −1)(y)|p dx dν(y) +
ˆ 1

0

|f ◦ U −1|p dx
)

≤ 2p−1

(ˆ 1

0

|∇(f ◦ U −1)|p dx+

ˆ 1

0

|f ◦ U −1|p dx
)

= 2p−1∥f ◦ U −1∥pW 1,p .

We also used |a+ b|p ≤ 2p−1(|a|p + |b|p) and Jensen’s inequality in the second line,
and (3.1) in the third. This proves the latter inequality in the claim. The former
follows from a similar computation

ˆ 1

0

|f ◦ U −1|p dx

≤ 2p−1

(ˆ 1

0

ˆ 1

0

|f ◦ U −1(x)− f ◦ U −1(y)|p dx dν(y) +
ˆ 1

0

|f ◦ U −1|p dν
)

≤ 2p−1

(ˆ 1

0

|∇(f ◦ U −1)|p dx+

ˆ 1

0

|f |p dµ
)

= 2p−1∥f∥pF .

□

The following properties of (E ,F) are needed in our proofs.

Proposition 3.3. The following conditions hold.

(1) (F , ∥ · ∥F ) is a Banach space.
(2) Let f ∈ F and A ⊂ [0, 1] be a Borel set so that f is constant on A. Then

Df(x) = 0 for Λ-almost every x ∈ A.
(3) Let f ∈ F . Then it holds for all 0 ≤ z ≤ y ≤ 1 that

f(y)− f(z) =

ˆ y

z

Df dΛ.

In particular, if ∥Df∥Lp(Λ) = 0, then f is constant on [0, 1].
(4) Let f ∈ C so that there is G ∈ Lp(Λ) satisfying

f(y) = f(0) +

ˆ y

0

G dΛ

for all y ∈ [0, 1]. Then f ∈ F and Df = G.
(5) If f, g ∈ F then f · g ∈ F and

D(f · g) = Df · g + f ·Dg.

Proof. Statement (1) follows from Lemma 3.2 because W 1,p is a Banach space; see
Theorem 2 of [19, Chapter 5].

For (2), note that if f is constant on A, then f ◦ U −1 is constant on U (A).
By [20, Theorem 4.4-(iv)], this implies that ∇(f ◦U −1) = 0 dx-almost everywhere
on U (A), which gives the claim since U∗(Λ) = dx.
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Statement (3) follows by simply computing

f(y)− f(z) = (f ◦ U −1)(U (y))− (f ◦ U −1)(U (z))

=

ˆ U (y)

U (z)

∇(f ◦ U −1) dx =

ˆ y

z

Df dΛ.

In the second row, we first used (2.2), and then applied (2.1) together with the
equality U∗(Λ) = dx.

If f and G are as in statement (4), it follows that

(f ◦ U −1)(y) = f(0) +

ˆ U −1(y)

0

G dΛ = f(0) +

ˆ y

0

G ◦ U −1 dx.

We used U∗(Λ) = dx in the last equality. In particular, (f ◦ U −1) : [0, 1] → R is
absolutely continuous with ∇(f ◦ U −1) = G ◦ U −1 ∈ Lp(dx). Hence, the claim
follows from Definition 3.1 and the definition of D.

Finally, to prove (5), recall first that the space of bounded Sobolev functions is
closed under multiplication, see [20, Theorem 4.4-(i)]. From this, it easily follows
that F is also closed under multiplication. Moreover, by the usual Leibniz rule of
Sobolev functions [20, Theorem 4.4-(ii)] and the definition of the derivation D, it
holds for all f, g ∈ F that

D(f · g) = (∇[(f ◦ U −1) · (g ◦ U −1]) ◦ U

= (∇(f ◦ U −1) · (g ◦ U −1) + (f ◦ U −1) · ∇(g ◦ U −1)) ◦ U

= Df · g + f ·Dg.

□

3.2. Dirichlet form. We finish the section by verifying that for p = 2 our con-
struction produces Dirichlet forms. Let us briefly recall the definitions relevant to
the article; see for instance [29, Section 2] for further details and [15, 22] for the
general theory.

Let (X, d, µ) be a locally compact, separable metric measure space. Denote by
L2(µ) the Lebesgue space, and by Cc(X) the set of compactly supported continuous
functions X → R. A Dirichlet form on L2(µ) is a pair (E ,F) consisting of a
dense linear subspace F ⊂ L2(µ) and a non-negative definite bilinear form E : F ×
F → R, which is closed and Markovian. Being closed means that F equipped
with the inner product (f, g) 7→

´
f · g dµ + E(f, g) is a Hilbert space, and being

Markovian is a requirement that f ∈ F implies f̃ ∈ F and E(f̃ , f̃) ≤ E(f, f)
where f̃ = min{max{f, 0}, 1}. Furthermore, (E ,F) is called regular if F ∩ Cc(X)
is dense in both (Cc(X), ∥ · ∥∞) and (F , ∥ · ∥F ), where ∥ · ∥∞ is the uniform norm

and ∥f∥F := ∥f∥L2(µ) +
√
E(f, f) for f ∈ F . Finally, (E ,F) is strongly local, if

E(f, g) = 0 when f, g ∈ F with suppµ[f ] and suppµ[g] compact, and f is constant
µ-almost everywhere on an open neighborhood of suppµ[g]. Here suppµ[f ] denotes
the µ-essential support of f which is the smallest closed set F ⊂ X satisfying´
X\F |f |dµ = 0.

Let us return back to the setting of this article and define the two variable form
E : F × F → R by

E(f, g) :=
ˆ 1

0

∇(f ◦ U −1) · (g ◦ U −1) dx =

ˆ 1

0

Df ·Dg dΛ.
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Note that, in the notation of the previous subsection, E(f, f) = E(f) when p = 2.
The following result, which is essentially a corollary of Proposition 3.3 verifies that
(E ,F) is a strongly local, regular Dirichlet form. See also [15, Proposition 2.2.8].

Corollary 3.4. The two variable form (E ,F) defined as above is a strongly local,
regular Dirichlet form on L2(µ).

Proof. It is clear from the definition that (E ,F) is bilinear and non-negative definite.
The fact that (E ,F) is closed follows from Proposition 3.3-(1) and the Markov
property may easily be deduced from [20, Theorem 4.4-(iii)].

To check that (E ,F) is regular, note that F ⊂ C, meaning the first density is
trivial. For the density F ∩ C in the uniform norm we argue as follows. Let f ∈ C
and take a sequence of smooth functions φn ∈ C that approximates f ◦ U −1 in
∥ · ∥∞. Then φn ◦ U ∈ F . Moreover, it follows from the uniform continuity of U
that φn ◦ U → f in ∥ · ∥∞.

Finally strong locality follows from (2) of Proposition 3.3. □

Remark 3.2. Proposition 3.3-(5) implies that, when p = 2, the Radon measure

A 7→ 1

2

ˆ
A

|Df |2 dΛ

is the energy measure of f ∈ F , see [22, Section 3.2].

Remark 3.3. Consider a general p ∈ (1,∞) and define the Radon measures dΓ⟨f⟩ :=
|Df |p dΛ. A similar argument as in the previous two proofs shows that the collec-
tion ([0, 1], | · |, µ, E ,Γ,F) is a p-Dirichlet space in the sense of [18]. The weak lower
semicontinuity can be deduced, for instance, from a combination of Morrey in-
equality [20, Theorem 4.10] (see also the 6th exercise problem of [19, Chapter 5]),
Arzela-Ascoli theorem, and [20, Theorem 5.2]. Alternatively, suitable convexity
properties of E can also be exploited [30, Proposition 3.18]. The details are left to
an interested reader.

4. Proof of Theorem 1.4

This section is dedicated to proving Theorem 1.4, which we state here for general
p ∈ [1,∞). Throughout the section, we let Λ, µ, p and (E ,F) be as in Section 3.1.

Theorem 4.1. Let α ∈ (0, 1]. Then there exists a non-constant α-Hölder continu-
ous f ∈ F if and only if Λ is generalized α-Frostman.

Proof. Let us begin with the forward implication. Let f ∈ F be a non-constant
α-Hölder continuous function, and fix a Borel measurable Λ-representative of Df .
Since f is non-constant, the set F := {x ∈ (0, 1) : Df ̸= 0} has Λ(F ) > 0 by
Proposition 3.3-(3). We let E ⊂ F be the subset of F consisting of the points
x ∈ F satisfying

Df(x) = lim
r↓0

1

Λ(B(x, r))

ˆ
B(x,r)

Df dΛ = lim
r↓0

1

Λ(B(x, r))

ˆ x+r

x−r

Df dΛ.

The set E has Λ(E) > 0 by [36, Corollary 2.14]. It remains to verify (1.1) for every
x ∈ E. To this end, first compute

0 < |Df(x)| = lim
r↓0

∣∣∣∣ 1

Λ(B(x, r))

ˆ x+r

x−r

Df dΛ

∣∣∣∣ = lim
r↓0

|f(x+ r)− f(x− r)|
Λ(B(x, r))

.
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The second equality follows from Proposition 3.3-(3). Then the α-Hölder continuity
of f gives the estimate

lim
r↓0

|f(x+ r)− f(x− r)|
Λ(B(x, r))

≤ lim inf
r↓0

2Krα

Λ(B(x, r))
.

A combination of the previous two displays yields

lim sup
r↓0

Λ(B(x, r))

rα
≤ 2K

|Df(x)|
< ∞.

Hence, Λ is generalized α-Frostman.
Then we prove the backward implication. Let E ⊂ [0, 1] be as in Definition 1.2.

By taking a subset of E if necessary, we may assume existence of C,R > 0 so that

(4.1)
Λ(B(x, r))

rα
≤ C

for all x ∈ E and r ∈ (0, R), in other words, (1.1) holds in a uniform sense. Now,
let 1E be the characteristic function of E, and define

f(x) :=

ˆ x

0

1E dΛ.

It follows from Proposition 3.3-(4) that f ∈ F . Since f(0) = 0 and f(1) = Λ(E) >
0, it is non-constant. It remains to prove that f is α-Hölder. Note that it suffices
show the Hölder continuity for points x, y ∈ [0, 1] with |x − y| ≤ R/4. Take such
x, y and assume x ≤ y. If we would have B(x, 2|x− y|)∩E = ∅ then f is obviously
constant on B(x, 2|x − y|). In particular, |f(x) − f(y)| = 0. Otherwise, by taking
a point z ∈ B(x, 2|x− y|) ∩ E ̸= ∅ we get

|f(y)− f(x)| ≤ Λ([x, y]) ≤ Λ(B(z, 4|x− y|)) ≤ C4α|x− y|α.
The last inequality follows from (4.1). □

Proof of Theorem 1.4. The claim follows from Theorem 4.1 by taking p = 2. □

Finally, we record a version of Corollary 1.5 for the case of general p ∈ [1,∞).
The claim follows immediately from Lemma 1.3 and Theorem 4.1. Recall that δ∗
denotes the critical Hölder exponent as defined in the introduction.

Corollary 4.2. It holds that δ∗ = dimH Λ.

5. Proof of Theorem 1.1 and examples

This section provides the examples that, together with Theorem 1.4, yield a
proof of Theorem 1.1. All of the presented constructions are standard in fractal
geometry. Nevertheless, since we expect that our audience is more inclined towards
analysis, we describe them in detail.

5.1. Mass distribution principle. Let E ⊂ [0, 1] be a Borel set. Given α ∈ (0, 1],
the α-Hausdorff content of E is defined as

Hα
∞(E) := inf

{ ∞∑
i=1

rαi : E ⊂
∞⋃
i=1

B(xi, ri)

}
.

The Hausdorff dimension of E is then the value

dimH E := sup{α ∈ (0, 1] : Hα
∞(E) > 0},
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where sup ∅ = 0. A deep understanding of these definitions is not needed in this
article because they are used only through the following mass distribution principle.
For further details, we refer to [21, Proposition 10.3].

Lemma 5.1. Let ν be a Radon measure on [0, 1]. If E ⊂ [0, 1] is a Borel set with
ν([0, 1] \ E) = 0 then dimH ν ≤ dimH E.

5.2. Examples. We provide the examples that complete the proof of Theorem 1.1.

Example 5.2. For any δ ∈ (0, 1] there exists a non-atomic Radon probability
measure ν on [0, 1] with full topological support that satisfies dimH ν = δ. Moreover,
ν can be chosen so that it is not generalized δ-Frostman.

Proof. We first take care of the case δ ∈ (0, 1), for which the construction is simple;
one can choose ν to be any fully supported self-similar measure satisfying the open
set condition and dimH ν = δ. For concreteness let us describe a construction of
such a measure more precisely. Choose a parameter 0 < ρ < 1/2, assign mass ρ
to the interval [0, 1/2] and mass 1− ρ to the interval [1/2, 1]. Iterate the construc-
tion by subdividing each interval in the previous step of the construction into two
dyadic subintervals, and assigning mass ρ times the mass of the parent to the left
subinterval and 1 − ρ times the mass of the parent to the right one. Continuing
this process ad infinitum, and using Carathedory’s extension theorem, one obtains
a non-atomic Radon probability measure ν whose support is the full interval [0, 1].
It is well known that ν satisfies

dimH ν =
ρ log ρ+ (1− ρ) log(1− ρ)

− log 2
.

This follows from the law of large numbers, see for example [21, Proposition 10.4].
Certainly, for a given δ ∈ (0, 1), one can then choose the parameter ρ in such a way
that dimH ν = δ. Moreover, it is a well known fact in fractal geometry that

lim sup
r↓0

ν(B(x, r))

rδ
= ∞,

for ν-almost every x ∈ [0, 1], if δ ∈ (0, 1). In other words, ν is not generalized
δ-Frostman. This fact is not too difficult to establish using the law of iterated
logarithm, see for example [12, Theorem 3.1] and in particular the first displayed
equation on their page 8.

For the δ = 1 case, we have to be slightly more careful, since the above con-
struction gives the Lebesgue measure which certainly is (generalized) 1-Frostman.
Instead, we choose a sequence of ρn ∈ (0, 1/2) tending to 1/2, and let νn denote
the measure constructed as above for the parameter ρn. Let ν be given by

ν :=

∞∑
n=1

2−nνn.

It follows from Lemma 1.3 and the discussion above that none of νn are generalized
1-Frostman. From this, it is easy to see that ν is not generalized 1-Frostman. It
remains to show that dimH ν = 1. First, by Lemma 5.1, dimH ν is always bounded
from above by the Hausdorff dimension of [0, 1]. In other words, dimH ν ≤ 1.
Second, it is easy to check that dimH ν ≥ dimH νn for every n ∈ N. Moreover,
dimH νn → 1 as ρn → 1/2 by the first display in this proof. Hence dimH ν ≥ 1.
This concludes the case δ = 1, and completes the proof. □
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Example 5.3. There exists a non-atomic Radon probability measure ν on [0, 1]
with full topological support satisfying dimH ν = 0.

Proof. The construction is a simple modification of the one in Example 5.2. Instead
of assigning masses ρ and 1− ρ to the subintervals, we fix a sequence 0 < ρn ≤ 1/2
decreasing to 0, satisfying

∏∞
n=1(1− ρn) = 0, and at the n-th iteration, we assign a

proportion of ρn and 1−ρn of the masses of the parents to the resulting subintervals.
Let ν be the resulting measure.

Since the mass of an k-level dyadic interval can be bounded from above by∏k
n=1(1 − ρn), the choice of ρn ensures that ν is non-atomic. It is also clear that

ν has full topological support. Moreover, there is a well known formula for the
upper Hausdorff dimension of ν. For k ∈ N let Ik denote the set of k-level dyadic
intervals. Then it holds that

dimH ν = lim sup
k→∞

−
∑

I∈Ik
ν(I) log ν(I)

k log 2
,

see [35, Theorem 3.1]. The right-hand side has a nice formula∑
I∈Ik

ν(I) log ν(I) =

k∑
n=1

(ρn log ρn + (1− ρn) log(1− ρn)).

This follows from the iterative construction of ν and a simple induction on k ∈ N.
Now, since ρn → 0, also ρn log ρn + (1 − ρn) log(1 − ρn) → 0 as n → ∞. By
combining this with the above two displays, it is straightforward to conclude that
dimH ν = 0. □

Recall the critical Hölder exponent δ∗ from introduction.

Proof of Theorem 1.1. We first consider the case δ ∈ (0, 1]. Let Λ = ν be given by
Example 5.2, µ = dx, and (E ,F) be as in Definition 3.1 with p = 2. Now, (E ,F)
is a strongly local, regular Dirichlet form on L2(µ) is proved in Corollary 3.4. The
critical Hölder exponent δ∗ of ([0, 1], | · |, µ, E ,F) is computed δ∗ = dimH Λ = δ by
a combination of Lemma 1.3 and Theorem 1.4.

The case δ = 0 is handled similarly using Example 5.3. □

As it follows from Theorem 1.4 and Lemma 1.3, the critical Hölder exponent of
the above examples is a strict supremum. The examples below show that this is
not always the case; it may also be a maximum. This gives an answer to (Q2) of
Section 1.1.

Example 5.4. For any δ ∈ (0, 1] there exists a non-atomic Radon probability mea-
sure ν on [0, 1] with full topological support so that dimH ν = δ and ν is generalized
δ-Frostman.

Proof. For δ = 1, the Lebesgue measure is such an example, so it suffices to con-
struct examples for δ ∈ (0, 1). Our idea to this end is to find a dense δ-dimensional
fractal set and a suitable measure supported on it. Let us go through the details.

Let K ⊂ [0, 1] be a compact subset for which the following holds. There is C ≥ 1
and a Radon probability measure H on [0, 1] satisfying H([0, 1] \K) = 0 and

(5.1) C−1rδ ≤ H(B(x, r)) ≤ Crδ

for all x ∈ K and r ∈ (0, 1). Such aK may easily be found by suitably modifying the
classical construction of the middle-third Cantor set and letting H be the restriction
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of the δ-dimensional Hausdorff measure to K, see e.g. [21, Corollary 3.3]. Then take
a countable family of sets Kn ⊂ [0, 1] so that each Kn is a rescaled and translated
copy of K, and their union, denoted Z ⊂ [0, 1] is a dense subset. We also push-
forward H along the same rescaling and translation, and denote by Hn the resulting
Radon probability measure supported on Kn.

Now, it follows from the upper bound of (5.1) that, for every n ∈ N, there is
Cn ≥ 1 for which

Hn(B(x, r)) ≤ Cnr
δ

holds for all x ∈ [0, 1] and r > 0. Finally, we define

ν :=

(∑
n∈N

1

2nCn

)−1∑
n∈N

1

2nCn
Hn.

This is clearly a non-atomic Radon probability measure and has full topological
support by the lower bound of (5.1) and the density of Z ⊂ [0, 1]. Moreover, it is
(generalized) δ-Frostman by the previous two displays.

It remains to conclude that dimH ν = δ. First, dimH ν ≥ δ by the upper bound
of (5.1). Second, dimH ν ≤ δ follows from Lemma 5.1 and the fact that dimH Z =
δ. The latter is a consequence of (5.1) and the countable stability of Hausdorff
dimension, see [21, Page 24]. □

In the following example, we observe that the global Hölder regularity properties
of U are not carried to functions in F , in general.

Example 5.5. There exist a non-atomic Radon probability measure ν on [0, 1]
with full topological support, such that dimH ν = 1, and the cumulative distribution
function U(x) := ν([0, x]) is not α-Hölder continuous for any α ∈ (0, 1].

Proof. Let νs be the Radon measure ν constructed in Example 5.3, and let ν :=
1/2(νs + dx). It follows from 2ν ≥ dx and Lemma 5.1 that dimH ν = 1. The other
properties of ν in the claim are obvious. Now suppose that U(x) := ν([0, x]) is
α-Hölder for some α ∈ (0, 1]. Then the function x 7→ νs([0, x]) = 2U(x) − x is
α-Hölder, but this contradicts dimH νs = 0. □

5.3. Density properties. The remainder of the section is dedicated to studying
(Q3) of Section 1.1. We first introduce helpful notation to simplify some of the
statements. For α ∈ (0, 1] we denote by Cα ⊂ C the space of α-Hölder continuous
functions [0, 1] → R, and by C+ ⊂ C the space of Hölder continuous functions.

Let us now begin with a simple lemma.

Lemma 5.6. Let Λ̃ be another Radon probability measure on [0, 1] with full topo-

logical support for which there is a constant C ≥ 1 such that Λ̃ ≤ CΛ. Let (Ẽ , F̃)

be another p-energy form defined by replacing Λ with Λ̃ in Definition 3.1. Then

F̃ ⊂ F .

Proof. Let us denote the derivation D̃f ∈ Lp(Λ̃) for f ∈ F̃ .

Let f ∈ F̃ . Our objective is to show that f ∈ F . By the absolute continuity

Λ̃ ≪ Λ, there is a non-negative h ∈ L1(Λ) satisfying dΛ̃ = hdΛ. It then follows
from Proposition 3.3-(3) that

f(x) = f(0) +

ˆ x

0

D̃f dΛ̃ = f(0) +

ˆ x

0

D̃f · h dΛ.
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By Proposition 3.3-(4), it remains to show that D̃f ·h ∈ Lp(Λ). For this, we use the

hypothesis Λ̃ ≤ CΛ. Indeed, it follows from the Lebesgue differentiation theorem

that 0 ≤ h(x) ≤ C for Λ̃-almost every x ∈ [0, 1]. But then
ˆ 1

0

|G|pdΛ =

ˆ 1

0

|D̃f · h|pdΛ =

ˆ 1

0

hp−1|D̃f |pdΛ̃ ≤ Cp−1

ˆ 1

0

|D̃f |pdΛ̃ < ∞.

□

Proposition 5.7. If Λ = 1/2(νs + dx) is as in Example 5.5 then the associated
p-energy (E ,F) has the following property. The domain F contains all Lipschitz
functions, but the subspace C+ ∩ F is not dense in (F , ∥ · ∥F ).

Proof. The fact that Lipschitz functions lie in F follows from Lemma 5.6 by taking

Λ̃ = dx. Indeed, in this case F̃ = W 1,p which contains the Lipschitz functions.

Next let f(x) := νs([0, x]). Again, f ∈ F by taking Λ̃ = νs in Lemma 5.6. The
proof would be completed once we show that f cannot be approximated by Hölder
continuous functions in the Sobolev norm ∥ · ∥F . To this end, suppose the contrary
that it can be, and let {fn}n∈N ⊂ F be such a sequence. First, observe that νs
and dx are mutually singular, meaning there exists a Borel set E ⊂ [0, 1] with zero
Lebesgue measure satisfying νs(E) = 1. This follows from [21, Proposition 10.3],
using dimH νs < 1, and the fact that sets with Hausdorff dimension smaller than
one have zero Lebesgue measure. Then take the sequence {f̃n}n∈N given by

f̃n(x) :=

ˆ x

0

Dfn · 1E dΛ

for all x ∈ [0, 1]. Note that, by (3) and (4) of Proposition 3.3 |f̃n(x) − f̃(y)| ≤
|fn(x)− fn(y)| for all x, y ∈ [0, 1]. In particular, each f̃n is also Hölder continuous.

By the convergence Dfn → Df in Lp(Λ) and the equality Df = Df1E , it follows
that Dfn1E → Df in Lp(Λ). By Proposition 3.3-(3) we also have

f(x) =

ˆ x

0

Df dΛ

for all x ∈ [0, 1]. Hence f̃n(x) → f(x) at every x ∈ [0, 1].

Let (Ẽ , F̃) be as in Lemma 5.6 with Λ̃ = νs. By Proposition 3.3-(4), we have

that {f̃n}n∈N ⊂ F̃ . However, as noted above, each f̃n is Hölder continuous. Since

dimH νs = 0, it follows from Corollary 4.2 that {f̃n}n∈N is a sequence of constant

functions. But this and the pointwise convergence f̃n → f would imply that f is
also constant, which is certainly not the case. □

Next we observe another interesting case where Hölder functions are dense in F
while α-Hölder functions are not for any fixed α ∈ (0, 1].

Proposition 5.8. There exists a non-atomic Radon probability measure Λ with
full topological support on [0, 1] such that the associated p-energy has the following
property. The subspace C+ ∩ F is dense in (F , ∥ · ∥F ) but the subspace Cα ∩ F is
not dense in (F , ∥ · ∥F ) for any α ∈ (0, 1].

Proof. We construct the measure Λ as follows. Pick a sequence ρn ↓ 0 with ρ1 = 1/2
and let νn denote the self-similar measure constructed as in Example 5.2 with the
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probability parameter ρn. Let ν̃n denote the pushforward of νn under the unique
affine orientation preserving map sending [0, 1] to [1/(n+ 1), 1/n] and define

Λ =

∞∑
n=1

2−nν̃n.

It is clear that Λ satisfies the required properties, so it remains to verify the density
properties of (E ,F). We begin with the density of Hölder continuous functions.

Note that for any level-k dyadic interval I, it follows from the construction that

νn(I) ≤ (1− ρn)
k,

where ρn is the probability parameter used in the definition of νn. By covering
open balls with suitable dyadic intervals, it follows that νn is αn-Frostman for
αn := − log(1 − ρn)/ log 2. Consequently, it follows that the restriction of Λ to
[1/n, 1] is also αn-Frostman.

Now, let f ∈ F and assume without loss of generality that f(0) = 0. Consider
the functions

fn(x) :=

ˆ x

0

Df · 1[1/n,1]∩{|Df |≤n} dΛ.

By Proposition 3.3-(4), it holds that {fn}n∈N ⊂ F . These are Hölder continuous
because

|fn(y)− fn(x)| ≤ n

ˆ y

x

1[1/n,1] dΛ = nΛ([x, y] ∩ [1/n, 1]) ≤ nCn|x− y|αn .

In the last inequality, we used the fact that Λ restricted to [1/n, 1] is αn-Frostman.
To conclude the density, we need to check that fn → f in (F , ∥ · ∥F ).

By Proposition 3.3-(4), it holds for each n that Dfn = Df · 1[1/n,1]∩{|Df |≤n}.
In particular, Dfn → Df pointwise Λ-almost everywhere and |Dfn| ≤ |Df |. The
dominated convergence theorem then implies Dfn → Df in Lp(Λ) as n → ∞.
Hence E(f − fn) = ∥Df −Dfn∥Lp(Λ) → 0 as n → ∞. By using f(0) = 0, it follows
easily from Proposition 3.3-(3) that fn → f in ∥ · ∥∞, and hence fn → f in Lp(dx).
This completes the proof of the density.

We move on to the non-density proof. Let α ∈ (0, 1], and take a large enough n
so that dimH ν̃n < α. We claim that the function

f(x) :=

ˆ x

0

1[1/(n+1),1/n] dΛ =

ˆ x

0

2−n1[1/(n+1),1/n] dν̃n,

which is contained in F by Proposition 3.3-(4), cannot be approximated by α-
Hölder functions. To this end, we assume that it can be and let {fk}k∈N ⊂ F be
such an approximating sequence. By a similar argument as in Proposition 5.7, the
functions

f̃k(x) :=

ˆ x

0

1[1/(n+1),1/n]DfkdΛ =

ˆ x

0

2−n1[1/(n+1),1/n]Dfkdν̃n

form a sequence of α-Hölder functions that converge to f point-wise. Now, take any

non-atomic Radon probability measure Λ̃ with full topological support, ν̃n ≤ CΛ̃

for some C > 0 and dimH Λ̃ < α. For instance, we may take Λ̃ = 1/2(ν̃n + νn).

Let (Ẽ , F̃) be the p-energy form where we replace Λ with Λ̃ in Definition 3.1.

A similar argument as in the proof of Lemma 5.6 shows that {f̃k}k∈N ⊂ F̃ . But
since they are α-Hölder, according to Corollary 4.2, they must be constant. The
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point-wise convergence f̃k → f then implies that f is also constant, which yields a
contradiction. □

And lastly, we discuss examples where α-Hölder functions are dense.

Proposition 5.9. For every δ ∈ (0, 1] there is a non-atomic Radon probability
measure Λ with full topological support on [0, 1] and dimH Λ = δ such that the
associated p-energy has the following property. For every α ∈ (0, δ) the subspace
Cα ∩ F is dense in (F , ∥ · ∥F ).

Proof. The case δ = 1 follows by taking Λ = dx, so fix δ ∈ (0, 1) and α ∈ (0, δ).
We let Λ be the self-similar measure constructed in Example 5.2. It is well-known
that Λ has the following property. For every n ∈ N there is En ⊂ [0, 1] and C > 0
such that Λ([0, 1] \ En) < 1/n and

Λ(B(x, r)) ≤ Crα

for every x ∈ En and r > 0; this easily follows from [21, Proposition 10.4].
Now, take an arbitrary f ∈ F . Our objective is to find an approximating se-

quence of α-Hölder functions. Without loss of generality, assume f(0) = 0. For
every n ∈ N define

fn(x) :=

ˆ x

0

Df · 1En
· 1{|Df |≤n}.

By Proposition 3.3-(4), {fn}n∈N ⊂ F . Moreover, using the same argument as in
the proof of the backward direction in Theorem 4.1, it follows that

|fn(y)− fn(x)| ≤ n

ˆ y

x

1En ≤ nC4α|x− y|α

for all 0 ≤ x ≤ y ≤ 1. This shows that {fn}n∈N is a sequence of α-Hölder functions,
so it remains to conclude the convergence fn → f . First, it is a consequence of
Λ([0, 1] \ En) → 0 and Proposition 3.3-(4) that Dfn → Df pointwise Λ-almost
everywhere. Since we also have |Dfn| ≤ |Df | for each n, the convergence fn → f
in (F , ∥ · ∥F ) now follows from a similar argument as in the proof of the density in
Proposition 5.8. This completes the proof.

□

6. Analytic properties

In this section, we aim to identify the required conditions for our constructions
to exhibit finer analytic properties. For instance, when p = 2 we are interested
in heat kernel estimates. Some informative examples are also provided. These are
unrelated to the Hölder continuity results but are definitely of independent interest.

Let us note that this is the only part of the article where the choice of µ plays
a role. Moreover, the constructions in Section 6.2 fail for p = 1. For this reason,
we assume p ∈ (1,∞) in the remainder of the article. The parameters Λ and µ, as
well as the p-energy form (E ,F), are as in Section 3.1.

6.1. Poincaré and capacity. We consider two analytic inequalities controlled by
a suitable function Ψ : (0,∞) → (0,∞), as in Definition 6.3. These are widely
used in the general theory of Dirichlet forms and their p-variants, see [17, 24, 25]
and references therein for examples and applications. The first one is a Poincaré
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inequality, which in the present setting is the following. There is a constant C > 0
such that, for every f ∈ F , x ∈ [0, 1] and r > 0 we have

PIp(Ψ) inf
c∈R

ˆ
B(x,r)

|f − c|p dµ ≤ CΨ(r)

ˆ
B(x,r)

|Df |p dΛ.

The second one is an annular capacity upper estimate, which refers to the following
condition. There is C > 0 such that, for every x ∈ [0, 1] and r > 0, there is φ ∈ F
with the properties φ = 1 on B(x, r), φ = 0 on [0, 1] \B(x, 2r), and

Capp(Ψ) E(φ) ≤ C
µ(B(x, r))

Ψ(r)
.

The following volume growth condition is often crucial in applications. We say that
a Radon measure ν on [0, 1] is doubling if there is a constant D > 0 such that, for
all x ∈ [0, 1] and r > 0, it holds that

0 < ν(B(x, 2r)) ≤ Dν(B(x, r)).

Remark 6.1. Recall the formula for the energy measures in Remark 3.2. When
p = 2, the conjunction of the above three conditions is equivalent to sub-Gaussian
heat kernel estimates with space-time scaling Ψ. This follows from the very recent
resolution of the Resistance conjecture4 [17]. For general p ∈ (1,∞), these con-
ditions imply the elliptic Harnack inequality of p-harmonic functions [44]. Hence,
by understanding when our construction satisfies them, we can provide new exam-
ples to the literature. The examples can be extended further by taking Cartesian
products in the sense of [1, 42].

We first consider these properties within a wider framework, without fixing the
function Ψ.

Proposition 6.1. For every f ∈ F , x ∈ [0, 1] and r > 0 it holds that

inf
c∈R

ˆ
B(x,r)

|f − c|p dµ ≤ Λ(B(x, r))p−1µ(B(x, r))

ˆ
B(x,r)

|Df |p dΛ.

Proof. For given f ∈ F , x ∈ [0, 1] and r > 0 we choose the constant c ∈ R by

c :=
1

µ(B(x, r))

ˆ
B(x,r)

f dµ.

The claimed inequality follows easily from the same arguments as in the proof of
Lemma 3.2. □

Proposition 6.2. Suppose that Λ is doubling. Then there is C > 0 satisfying the
following. For all x ∈ [0, 1] and r > 0 there is φ ∈ F such that φ = 1 in B(x, r),
φ = 0 in [0, 1] \B(x, 2r) and

E(φ) ≤ CΛ(B(x, r))1−p.

Proof. Let x ∈ [0, 1] and r > 0. For the sake of simplicity, let us assume that
(x− 2r, x+ 2r) ⊂ [0, 1]. The general case follows from a similar argument.

4Using the earlier characterization that involve the cutoff Sobolev inequality is also feasible for
our examples [9].
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Define φ ∈ F according to

φ(z) :=



0 if z ∈ [0, x− 2r]
U (z)− U (x− 2r)

U (x− r)− U (x− 2r)
if z ∈ [x− 2r, x− r]

1 if z ∈ [x− r, x+ r]
U (z)− U (x+ 2r)

U (x+ r)− U (x+ 2r)
if z ∈ [x+ r, x+ 2r]

0 if z ∈ [x+ 2r, 1].

Since φ ◦ U −1 is a piecewise linear continuous function, it is contained in W 1,p.
Hence φ ∈ F by Definition 3.1. The desired estimate follows easily by computing
E(φ) and applying the doubling property of Λ. □

6.2. Inverse problem. Propositions 6.1 and 6.2 show that, in order to have
PIp(Ψ) and Capp(Ψ), Λ, µ and Ψ should be related to each other according to

Λ(B(x, r))p−1µ(B(x, r)) ∼ Ψ(r).

Here ∼ means a comparability up to a constant independent of x and r. This is a
delicate detail because the left-hand side depends on x whereas the right-hand side
does not, see Remark 6.8 for an illustrative example.

In order to understand the obstructions of PIp(Ψ) and Capp(Ψ), we dedicate the
remainder of the section to the inverse problem of finding Λ and µ from a given
function Ψ satisfying the following condition.

Definition 6.3. We say that an increasing homeomorphism Ψ : (0,∞) → (0,∞)
is a scale function if there are 1 < βL ≤ βU and C ≥ 1 such that

(6.2) C−1

(
R

r

)βL

≤ Ψ(R)

Ψ(r)
≤ C

(
R

r

)βU

.

A more general question that takes also into account the volume growth rate was
recently studied in [38,43]. Our work is unable to handle this because the geometry
of the real line is way too simple to this end. Nevertheless, we identify the following
existence result.

Theorem 6.4. Let Ψ be a scale function which satisfies (6.2) for p ≤ βL ≤ βU .
Then there exist doubling measures ν1 and ν2 on [0, 1] so that PIp(Ψ) and Capp(Ψ)
hold for Λ = ν1 and µ = ν2.

Remark 6.3. If Ψ is a scale function and µ is a doubling measure so that PIp(Ψ)
and Capp(Ψ) both hold then Ψ satisfies (6.2) for p ≤ βL ≤ βU . This is a general
phenomenon for local p-energies on defined metric measure spaces, and the proof
of [38, Lemma 2.3] can be adapted to prove this.

Our first step in the proof of Theorem 6.4 is to express Ψ as a multiplicative
cascade. Judging from the discussion related to [38, Lemma 5.6], this seems to be
a standard result. For the convenience of the reader, we provide the details.

Lemma 6.5. Let Ψ be a scale function, and let p ≤ βL ≤ βU be as in (6.2). Then
there is C ≥ 1 and b : N → {βU , βL} such that, for all n ∈ N, we have

C−1Ψ(3−n) ≤
n∏

j=1

3−b(j) ≤ CΨ(3−n).
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Proof. This proof constructs, recursively, the function b defined on N, and also
an auxiliary function B defined on N ∪ {0}. We first define B(0) := 1. Then let
i ∈ N∪{0} and assume that B(j) is defined for all j ∈ N∪{0} with j ≤ i, and that
b(j) is defined for all j ∈ N with j ≤ i. Then, if the condition

(6.4) B(i) ≤ Ψ(3−i)

holds, we define b(i+1) := βL. Otherwise, b(i+1) := βU . In both cases, we define
B(i+ 1) := B(i) · 3−b(i+1).

We may assume that (6.4) holds for some i ∈ N. Indeed, otherwise we use (6.2)
to estimate

3−iβU ≤ C
Ψ(3−i)

Ψ(1)
≤ C

Ψ(1)
B(i) = C

Ψ(1)
3−iβU ,

and the proof would be completed. By a similar argument, we may assume that
(6.4) fails for some i ∈ N. Hence, there is N ∈ N so that (6.4) holds for some i ≤ N ,
and fails for some other i ≤ N .

We now prove the desired estimates. Let n ∈ N and assume without loss of
generality that n ≥ N . Then, if i is the largest index such that i ≤ n and satisfies
(6.4), then

B(n) = B(i)
n∏

j=i+1

3−b(j) ≤ Ψ(3−i)

n∏
j=i+1

3−b(j) ≤ Ψ(3−i)3−(n−i)βU ≤ CΨ(3−n).

The last inequality follows from (6.2). Similarly, if i ≤ n is the largest index for
which (6.4) fails, then

B(n) = B(i)
n∏

j=i+1

3−b(j) ≥ Ψ(3−i)3−(n−i)βL ≥ C−1Ψ(3−n).

This concludes the proof. □

In our second step, we introduce convenient probability densities. This is the
part where having p strictly larger than 1 is essential.

For β ≥ p we define ρ1(β), ρ2(β), ρ3(β) so that they solve the equation

(6.5)


ρ1(β) = ρ3(β) and ρ2(β) ∈ [1/3, 1),∑3

m=1 ρm(β) = 1,(∑3
m=1 ρm(β)

1
1−p

)1−p

= 3−β .

It follows from Hölder’s inequality that β ≥ p is necessary for the well-posedness of
(6.5). The sufficiency can be justified as follows. First, the values in the case β = p
are found by taking ρm(p) = 1/3 for each m = 1, 2, 3. Then take ρ2 ∈ (1/3, 1) and
set ρ1 = (1− ρ2)/2 = ρ3. By sending ρ2 → 1, it follows that(

3∑
m=1

(ρm)
1

1−p

)1−p

→ 0.

Hence, for every β > p, the values ρm(β) can be found by a continuity argument.
Next, for β ≥ p we define ρ∗1(β), ρ

∗
2(β), ρ

∗
3(β) according to

ρ∗m(β) :=

(
3−β

ρm(β)

) 1
p−1

.
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By (6.5) it holds that

(6.6)


ρ∗1(β), ρ

∗
2(β), ρ

∗
3(β) ∈ (0, 1) and ρ∗1(β) = ρ∗3(β),∑3

m=1 ρ
∗
m(β) = 1,

ρ∗m(β)p−1 · ρm(β) = 3−β for all m = 1, 2, 3.

Proposition 6.6. Let Ψ be a scale function, and suppose that the constants in
(6.2) satisfy p ≤ βL ≤ βU . Then there are doubling probability measures ν1, ν2 on
[0, 1] and C ≥ 1 such that, for all x ∈ [0, 1] and r ∈ (0, 1], we have

(6.7) C−1Ψ(r) ≤ ν1(B(x, r))p−1ν2(B(x, r)) ≤ CΨ(r).

Proof. Let b be as in Lemma 6.5 and ρm(β), ρ∗m(β) as discussed above. We con-
struct the measures ν1 and ν2 similarly as in Example 5.3 as inhomogeneous
Bernoulli measures, but instead of using the dyadic partition in the definition,
we use the triadic one.

To be slightly more precise, we construct ν1 by dividing mass to the first level
triadic subintervals by assigning masses ρ∗1(b(1)), ρ

∗
2(b(1)) and ρ∗3(b(1)) to the left,

middle and right intervals, respectively. We iterate this construction by distributing
mass to level n+ 1 triadic intervals according to the weights ρ∗i (b(n+ 1)), that is,
the left, middle and right descendants of a level n triadic interval, get a proportion
of ρ∗1(b(n+1)), ρ∗2(b(n+1)), and ρ∗3(b(n+1)) of the mass of the parent interval, re-
spectively. This extends to a Radon probability measure on [0, 1] by Carathedory’s
extension theorem. The measure ν2 is constructed similarly but by using ρi(b(n))
instead ρ∗i (b(n)). The supports of ν1 and ν2 is the full unit interval because each
triadic interval is assigned a positive measure. Finally, they are non-atomic by a
similar argument as in Example 5.3.

It remains to show that ν1 and ν2 are doubling measures and to prove (6.7). In
the former, the arguments for ν1 and ν2 are identical so we only consider ν1. The
fact that ν1 is doubling is a consequence of ρ∗1(b(n)) = ρ∗3(b(n)) for all n ∈ N. Let
us go through the precise argument more carefully.

Our first step is to prove that adjacent triadic intervals of same side length have
comparable mass. To this end, take two constants C, c > 0 with the property

c ≤ ρ∗i (b(n)) ≤ C

for all i = 1, 2, 3 and n ∈ N. By the definition of ρ∗i (b(n)), we can choose c and C
to depend only on βL, βU and p. We prove by induction on n ∈ N ∪ {0} that

ν(I) ≤ (C/c)ν(J)

when I and J be adjacent n level triadic intervals. The case n = 0 is trivial because
we would have I = [0, 1] = J . Suppose that the claim holds for n, and take two
adjacent level n + 1 triadic intervals I and J . Let I0 and J0 be the level n that
contain I and J , respectively. If I0 = J0 then the inequality holds by construction.
If I0 ̸= J0, then I0 and J0 are adjacent. Moreover, neither I or J are the middle
descendant of I0 and J0, respectively, because otherwise I and J cannot be adjacent.
But then, according to the hypothesis ρ∗1(b(n+ 1)) = ρ∗3(b(n+ 1)), it holds that

ν1(I) = ν(I0)ρ
∗
1(b(n+ 1))

(IH)

≤ (C/c)ν(J0)ρ
∗
1(b(n+ 1)) = (C/c)ν(J).

Here (IH) stands for the use of induction hypothesis. This completes the first step.
Next, take any open ball B(x, r) for x ∈ [0, 1] and r > 0, and let L > 0 be the

distance between its endpoints. Also let n ∈ N ∪ {0} such that 3−n−1 < L ≤ 3−n.
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Then B(x, r) contains a level n+2 triadic interval I, and B(x, 2r) can be covered by
60 level n+2 triadic intervals so that their union is an interval. Using the estimate
obtained in the previous step, it now follows that

ν1(B(x, 2r)) ≤ 60

(
C

c

)60

ν1(I) ≤ 60

(
C

c

)60

ν(B(x, r)).

This completes the proof of the doubling property of ν1. The doubling property of
ν2 follows from an identical argument.

We proceed to verifying (6.7). By the last row of (6.6), it holds for any triadic
interval I of level n that

ν1(I)
p−1ν2(I) =

n∏
j=1

3−b(j).

By Lemma 6.5, the right-hand side is comparable to Ψ(3−n). By combining the
previous equality with the doubling properties of ν1, ν2 and (6.2), we obtain the
desired conclusion. □

The following remark shows that the condition (6.7) is somewhat delicate. We
shall streamline the discussion by omitting some inessential multiplicative constants
when writing ∼ and ≲.

Remark 6.8. In general, if ν1 is only a doubling measure, then there might not
exist a doubling measure ν2 and a scale function Ψ such that (6.7) holds. A simple
counterexample is given by the measure dν1 = xdx and p = 2. It is an easy
exercise to check that ν1 is doubling. We assume that ν2 and Ψ exist and derive a
contradiction. Let N ∈ N be an even number. It holds by (6.7) that

ν2([0, 1/2]) =

N/2−1∑
k=0

ν2

([
k

N
,
k + 1

N

])
∼ Ψ(N−1/2)

N/2−1∑
k=0

ν1

([
k

N
,
k + 1

N

])−1

.

Also it holds that

ν2([1/2, 1]) ∼ Ψ(N−1/2)

N−1∑
k=N/2

ν1

([
k

N
,
k + 1

N

])−1

.

Moreover, an integration gives ν1([k/N, (k+1)/N ]) = (2k+1)/N . These properties
combined yield for all large enough N that

Ψ(N−1/2)N2 logN ≲ 1 ≲ Ψ(N−1/2)N2.

These inequalities obviously fail when N is large enough. Note that the above
argument is valid whenever ν1 and ν2 are non-atomic Radon measure on [0, 1] with
full topological support and Ψ(r) > 0 for all r > 0.

Proof of Theorem 6.4. A combination of Propositions 6.1, 6.2 and 6.6 proves the
claim. □
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