SLICES OF THE TAKAGI FUNCTION

ROOPE ANTTILA, BALAZS BARANY, AND ANTTI KAENMAKI

ABSTRACT. We show that the Hausdorff dimension of any slice of the Takagi function
T, is bounded above by dima (73) — 1, and that the bound is sharp. The result is
deduced from a statement on more general self-affine sets, which is of independent
interest. We also prove that if the lower pointwise dimension of every projection of
the length measure on the x-axis lifted to the Takagi function is at least one, then
dima (7)) = dimu (7> ) and Marstrand’s slicing theorem extends to all slices.

1. INTRODUCTION

The Takagi function Ty: [0,1] — R for the parameter % < A < 1 is defined by setting
Ty(x) = A"dist(2"z, Z) (1.1)
n=0

for all € [0,1]. In mathematical writing it is customary to distinguish a function
from its graph. Notwithstanding, we stick to the definition of a function as a total and
univalent binary relation which in our case is convenient notation-wise as then T denotes
both the function and its graph. The Takagi function, being continuous yet having at no
point a finite derivative, is one of the famous examples of “pathological functions”. For
the basic properties of the Takagi function and a summary of recent research the reader
is referred to the surveys of Allaart and Kawamura [6] and Lagarias [27].

Level sets of the Takagi function, i.e. the sets of points € R at which T)(x) equals
a given value, have been studied extensively; see [2-5,14,15,28,29,31]. Such level sets
appear as horizontal slices of T meaning that they are intersections T\ N (V +x), where V
is the z-axis and € R2. When )\ = %, it has been proven that the Hausdorff dimension of
slices with integer slope is at most %, and the bound is attained by some slice; see [16,33].
In this paper, we obtain a sharp bound for the Hausdorff dimensions of all slices of T},
when % < A < 1, in terms of the Assouad dimension of T}.

The study of the dimensions of slices has a rich history. The classical Marstrand’s
slicing theorem [35] shows that almost every fiber of a projection does not store more
dimension than what is the surplus. We denote the Hausdorff dimension by dimy and
the collection of all lines in R? passing through the origin by RP!. The slicing theorem
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states that, given a Borel set X € R? and V € RP!, we have
dimg(X N (V + z)) < max{0,dimpy(X) — 1} (1.2)

for Lebesgue almost all z € V. Often when the set X has some additional arithmetic or
geometric structure, stronger statements can be made about dimensions of all slices. For
example, if X = A x B where A and B are invariant under the maps z — 2x mod 1 and
x + 3z mod 1, then the bound in (1.2) holds for all slices, except those in the directions
of the coordinate axes. This celebrated result was first conjectured by Furstenberg [21]
and recently proved independently and simultaneously by Shmerkin [39] and Wu [40].

The Takagi function is an example of a self-affine set. For many sets in this class, the
Hausdorff dimensions of slices are closely connected to the Assouad dimensions of the
sets; see Section 2 for the relevant definitions. This was first observed by Mackay [32],
who expressed the Assouad dimensions of a special class of self-affine sets called Bedford-
McMullen carpets in terms of the dimensions of their projections on the z-axis and the
dimensions of their slices in the direction of the y-axis. Algom [1] showed that the box
dimensions of all slices, which are not in the direction of the z- or y-axes, of certain
Bedford-McMullen carpets X, are bounded above by max{0, dima (X )—1}. Here dima (X)
denotes the Assouad dimension of X and is always bounded from below by the Hausdorff
dimension. Recently, Bardny, Kdenmaéki, and Yu [10, Theorem 1.3] showed that a similar
phenomenon is also present for certain totally disconnected self-affine sets. In fact, in the
class of self-affine sets they consider, the upper bound max{0, dima (X) — 1} is achieved
and there are examples of self-affine sets in this class for which dimg(X) < dima (X).
However, since the Takagi function is connected, the results in [10] do not apply.

Utilizing the self-affinity of the Takagi function, Bardny, Hochman, and Rapaport [7,
Corollary 7.6] proved that

log A\
dimH(TA) =2+ o8

log 2 <2 (1.3)
see also Ledrappier [30]. The Assouad dimension of the Takagi function was studied
by Yu [41] in some special cases. He showed that there exist parameters for which the
Assouad dimension is strictly larger than the Hausdorff dimension and in the online
version of the paper, he also conjectured that dima (7)) = 2 for all % < A < 1. The
following result is the first main result of the paper.

Theorem 1.1. If T) is the Takagi function, then
max dimg(Th N (V +z)) =dima(T)) -1 < 1
TeLN

V eRP!

This theorem is based on a result for a more general class of self-affine sets, Theorem
4.1, which generalizes the results in [9, §5] and [10, §5].

As our second main result, we investigate when the bound (1.2) of Marstrands slicing
theorem can be extended to all slices of the Takagi function. By Theorem 1.1, this
happens precisely when dima (Ty) = dimg(Ty). For a given t € R, let proj,: R? — R,
proj;(xz1,x2) = (z1,22) - (t,1). The pushforward of a measure p is denoted by fiu
whenever f is a measurable mapping. We let v = (Id, T3 )«£L! be the Lebesgue measure
£ lifted to the Takagi function Ty. Denote the lower pointwise dimension of a measure
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w at z by dimy,.(u, z). It follows from (1.2) and (1.3), that
di7Inloc(projt>kya pI‘Ojt(ﬂf)) 2 1

for v-almost all x € T and Lebesgue almost all ¢ € R. The following is the second main
result of the paper, where we show that if this lower bound holds for all z and ¢, then
(1.2) is extended to all slices.

Theorem 1.2. If Ty is the Takagi function and v = (Id, Ty)«L' is the Lebesque measure
L lifted to the Takagi function Ty, then

. log A
max dimg(ThN(V +2)) =1+ log 2
Verpl

if and only if
@loc(projt*yv pI‘Ojt<l')) = 1
forallz € Ty andt € [— 3, 27 FATF, S cn 27FAH].
The rest of the paper is organized as follows. In Section 2 we recall some basic results
in dimension theory and establish the general setting of self-affine sets we will be working
with. The results in the general setting are presented in Sections 3 and 4. We will then

specialize to the Takagi function and prove Theorem 1.1 in Section 5 and Theorem 1.2 in
Section 6.

2. NOTATION AND PRELIMINARIES

2.1. Dimensions and weak tangents. Let us briefly recall definitions of some of the
basic notions of dimension used in fractal geometry. The Hausdorff dimension of a set

X CR*is
dimp(X) = inf{s > 0: for every ¢ > 0 there is {U; };en such
that X C | JU; and ) diam(Uy)* < e}.
ieN i€N
The lower and upper pointwise dimensions of a Borel measure p at z € R? are

1 B
dim, (1, 2) = lim sup 2BAB@: 7))

10 log r
E— .. Jdogu(B(x,r
dimye(p, ) = hrﬁ%)nf glul(og(r))

respectively. We assume familiarity with the basic properties of the Hausdorff dimension
and pointwise dimensions, and how they are connected; see for example [17,36]. If X is
bounded, then the r-covering number of X,

k
Ny (X) =min{k e N: X C U B(xz;,r) for some x1,. ..,z € R?},
i=1
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is the least number of closed balls of radius r > 0 needed to cover X. The lower and
upper Minkowski dimensions of a bounded set X C R? are

log N,.(X
dimy;(X) = liminf log N;(X)
L0 —logr
log N,.(X)

dimpy(X) = limsup
10 —logr

9

respectively. In the case that the limit exists, it is denoted by dimy;(X) and called the
Minkowski dimension of X. The Assouad dimension of X C R? is

dima (X) = inf{s > 0: there exists C' > 0 such that
foreveryzr € X and 0 <r < R

it holds that N,(X N B(z, R)) < C(£)"}.

The Assouad dimension is designed to capture the extremal scaling behaviour of the
set by quantifying the size of the least doubling parts of the set in question. The basic
inequality we will use repeatedly is

dimy(X) < dimy(X) < dimyg(X) < dima (X)

for all bounded sets X C R2. For the proof of this and other basic properties of the
Assouad dimension, we refer to [18].

The concept of weak tangents has proven to be very useful in the study of the Assouad
dimension. Let X be a compact subset of R%2. For x € X and r > 0 we denote by
My, : R? — R? the linear map

y—x
—
Note that M, ,(B(x,r)) = B(0,1). A set T which intersects the interior of B(0,1) is

called a weak tangent of X if there are a sequence (z,)nen of points in X and a sequence
(rn)nen of positive real numbers converging to 0 such that

My, (y) =

My, . (X) N B(0,1) > T,

in Hausdorff distance. The collection of all weak tangents of X is denoted by Tan(X).
It is easy to see that a dimension of a weak tangent is a lower bound for the Assouad
dimension of X C R, i.e. dima (X) > dima (7)) for all T € Tan(X); see e.g. [19, Theorem
5.1.2]. Kéenmaéki, Ojala, and Rossi [26, Proposition 5.7] proved the following stronger
result, which shows that the Assouad dimension of a compact set is realized by the
maximal Hausdorff dimension of its weak tangents.

Lemma 2.1. If X C R? is compact, then dima (X) = max{dimg(T): T € Tan(X)}.

The result introduces a way to obtain an upper bound for the Assouad dimension by
bounding the Hausdorff dimension of every weak tangent.
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2.2. Real projective line and matrices. Define an equivalence relation ~ on R?\ {0}
by setting v ~ w if and only if v = cw for some ¢ € R. Denote the equivalence class
of v € R?\ {0} under this relation by (v). An elementary observation is that for any
0# cée€Rand v € R?\ {0} we have (cv) = (v). Geometrically, (v) = {w € R?: w =
cv and ¢ € R} C R? is a line in R? in the direction of v passing through the origin. The
real projective line is RP! = {{v): v € R?\ {0}}. An element of RP" is called a line. If
the representative of an element of RP is left implicit, we use capital letters such as V'
or W to refer to the element. We let <: RP* — RP! denote the metric on RP! given by

a((v), (w)) = ( [o-w ) _ aresin (wall) |

[[o][[[]] [[ol[{fwll

where v - w and v A w denote the inner product and exterior product of the vectors v and
w, respectively. In other words, the distance between two lines is given by the smaller of
the angles between them. A ball in this metric is called a projective interval. With the
topology induced by the metric, the map v — (v) from R?\ {0} to RP! is continuous.

The group of invertible 2 x 2 matrices is denoted by GL2(R). A matrix A € GLa(R)
induces an action on RP* by

A(v) = (Av).

For any V € RP!, we denote by projy: R? — V the orthogonal projection onto the
subspace V', that is, projy is the unique linear map satisfying projy |y = Id|y and
ker(projy ) = V1. It is easy to see, consult e.g. [25, Lemma 2.1], that a rank one 2 x 2
matrix A is bi-Lipschitz equivalent t0 projye,(4y.-

The singular values aq(A) and ag(A) of a matrix A € GLy(R) are the square roots
of the non-negative eigenvalues of the positive definite matrix AT A, ordered so that
a1(A) > as(A). Note that ay(A) and as(A) are the lengths of the semiaxes of the ellipse
A(B(0,1)). If A € GL2(R) is such that a1 (A) > ag(A), then we let 11 (A) be one of the two
unit eigenvectors of AT A corresponding to the eigenvalue aq(A)2. If ai(A) = aa(A), then
we write n1(A4) = S = {x € R?: |x| = 1}. Observe that aj(A) = [|A|| = [|A|(m (A))]],
az(A) = [[A7H7H = A (m(AT)II7, and a1(A)az(A) = | det(A)].

2.3. Self-affine set and shift space. An iterated function system (IFS) is a finite
tuple of contractive maps ® = (¢1,...,pN) acting on R%2. By a classical result of
Hutchinson [22], & admits a unique non-empty compact set, denoted by X, satisfying

N
X:UMM.

We call X the limit set of . We say that @ is an affine IFS if the maps ¢; are affine,
i.e. pi(x) = Ajx + b;, where A; € GLy(R) and b; € R?. In this case, the corresponding
limit set is called a self-affine set. We use the convention that whenever we speak about
a self-affine set X, then it is automatically accompanied with a tuple of affine maps
which defines it. A self-affine set is said to satisfy the strong separation condition (SSC)
if pi(X) Np;(X) =0 for all i # j, and the strong open set condition (SOSC) if there
exists an open set U such that X NU # 0, ¢;(U) C U for all i € {1,...,N}, and
©i(U) Ng;(U) = 0 whenever i # j.
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Given an IFS, we consider the symbolic representation of the limit set X as follows.
Let ¥ = {1,..., N} denote the collection of all infinite words obtained by concatenating
digits in {1,...,N}. Similarly, 3, = {1,..., N}" is the set of finite words of length
n €N, and ¥, = [J,,cn Zn is the set of finite words of any length. Given i =iyip--- € X,
we define i|, = 41---i, to be the restriction of i to its first n indices, and given
1=y iy € Xp, let i7 = i|pog =41 ip—1 € X1 and 5= in -+ +11 be the word
obtained from i by reversing the order of its digits. The concatenation of two words
i€, and j € ¥, UX is denoted by ij. Given i € ¥, the infinite word obtained by
concatenating i with itself infinitely many times is denoted by i, that is, i = ii---.
For two finite or infinite words i and j, their longest common prefix is denoted by
i A j, and the length of a word i is denoted by |i]. We define o: ¥ — ¥ by setting
oi=o0(i) =igiz--- for all i =ijis--- € X, and call it the left shift. Given n € N and
i € ¥, we define the cylinder set by [i] = {j € X: j|, = i}. The shift space ¥ is a
compact topological space in the topology whose base is the collection of all cylinder sets.
Alternatively, a metric o on X defined by

o(i,3) = 27131,

with the interpretation that 27°° = 0, induces the same topology as the open balls in
this metric are precisely the cylinder sets. It is also worth pointing out that the cylinder
sets are open and closed in this topology and generate the Borel g-algebra. A map
f: 3 — M, where (M, d) is a metric space, is Holder continuous, if there are constants
C, a > 0 such that

d(f(1), £(3)) < Cal*ML,

for all 1, j € X. Finally, for a given IFS (¢1,...,pn) and its limit set X, we define the
canonical projection m: 3 — X by setting

mi=n(i) = lim ¢; o+ 0, (0)
n—oo
for all i = iyiy--- € ¥, where 0 = (0,0). It is evident that 7 is Holder continuous.

2.4. Semigroup and domination. Understanding the semigroup generated by A =
(A1,...,AN) € GLy(R)" is crucial in the study of self-affine sets. In this context, it is
rather standard practise to use X, to index the elements in the semigroup. Indeed, we
write

Ay =A; A

forall i =144, € ¥, and n € N. Our standing assumption is that A is dominated,
that is, there exist constants C' > 0 and 0 < 7 < 1 such that

ag(A;) < Crllag (Ay) (2.1)

for all 1 € 3,. Domination ensures that when iteratively applying the matrices in A to
the unit ball, the resulting ellipses get thinner and thinner at an exponential rate. We say
that a self-affine set X is dominated if the tuple consisting of the linear parts of the maps
in the associated affine IFS is. A proper subset C C RP! is called a multicone if it is a
finite union of closed projective intervals. A multicone C C RP! is strongly invariant for
Aif A,C cClforallie{l,..., N}, where C° denotes the interior of C. By [12, Theorem
BJ, A admits a strongly invariant multicone if and only if A is dominated. It is a simple

in
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fact that if C is a strongly invariant multicone for A, then RP! \ C is a strongly invariant
multicone for A= = (A[1,..., ARY). Write

=(Ag) =4/ - A],
=(Ag) =41 AT
and let

191(i) = <Ai7]1 (Ai)>v
Ua(3) = (A m(AL)),

for all i € ¥,, and n € N. The geometric interpretation is that 91 (i) and ¥2(i) correspond
to the orientation of the principal semiaxis of the ellipses A;(B(0,1)) and ATi_l(B (0,1)),
respectively. We also define

Ok(1) = lim (i)

n—0o0

for all i € ¥ and k € {1,2} whenever the limit exists. The following lemma guarantees
that under domination, the limit exists at every point and therefore, we have defined a
map Uj: ¥ — RPL.

Lemma 2.2. If A= (Ay,..., Ax) € GLy(R)V is dominated and C C RP* is a strongly
invariant multicone for A, then, for k € {1,2},
(1) the limit Ox(i) = limy, oo Vi(iln) exists for all i € ¥ and the convergence is
uniform,
(2) the map U): X — RP' is Hélder continuous,
(3) the set V(%) is compact and contains the accumulation points of {U(1): 1 € By},
(4) A01(3) = V1(13) and AZD2(5) = D2(i5) for all i € Ty and j € %,
(5) 91(X) C C° and ¥5(X) C RP'\ C.

Proof. For k = 1, the claims (1), (3), and (4) are proved in [38, Lemma 2.1] and (5)
follows from the definition of the Strongly invariant multicone. One can repeat the proofs
for the dominated tuple A~ = (Al_ oo Ay 1) to obtain the claims for k = 2. Similarly,
it suffices to prove (2) for k = 1.

To that end, let i € ¥, m € N, and

9m = <(Q9l(i|m)a 191(]'-|m+1))-

In the proof of [24, Lemma 2.1], it was shown that there is ¢ > 1 not depending on m
such that

az(Ayl,)

O‘l(Ai\m)‘

Since 91 (i|m) — Y1(i) as m — oo there exists ng € N such that for every m > ng we
have 6, < 2sin(6,,) and, by recalling the definition of domination from (2.1),

sin(f,,) < ¢

o)

_ o Al

m=n m=n
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for all n > ng. For every i,j € ¥ with n = |i A j| > ng, we thus have

A2, 31(3)) < <1 (1), 91 (3]) + <01 (1), 1 (3)) < e

FIAAG

1—7
and the map 9;: ¥ — RP! is Holder continuous. O

For a dominated matrix tuple A = (Ay,..., Ay) € GLa(R)Y, the sets

Yr = {im(A) € RP': A€ {cA;: c€ R and i € %,} has rank one},

Xp = {im(A) e RP': A € {cAfi_lz c€Rand i € ¥,} has rank one},

are the collections of forward and backward Furstenberg directions, respectively. The
following lemma gives useful characterizations for the sets X and Yp.

Lemma 2.3. IfA = (Ay,...,Ay) € GLy(R)N is dominated and C C RP! is a strongly
mvariant multicone for A, then

Yr=101(3) = ﬁ U A€ and  Xp=102(%) = ﬁ U A?i_lR]P’l\C.

n=1i€%, n=l1i€x,
Proof. We prove the claims for Yr and note that the claims for Xp follow similarly
by considering the dominated tuple A=™! = (Al_l, . ,AJ_Vl). Let us first show that
Yr C 91(X). To that end, let V € Y and choose a sequence (i, )nen of finite words and
a sequence (cp)nen of real numbers such that ¢, A;, — A and im(A) = V. By passing to
a sub-sequence if necessary, we may assume that
m(As,) =1
for some n € S'. Since the maps A;, are linear and sup,,cy |lcnAs, || < 00, it follows from
the Banach-Steinhaus theorem that ¢, A;, 71(A;,) — An and therefore,
[An] = Tim c,[As,m(As,)]| = Tim c,[As, || = [[A].-
n—oo n—oo

In particular ||An| > 0, so An is a non-zero vector in im(A). Thus, by the continuity of
the map v — (v),

V =im(A) = (An) = nli_)n;()(aninn(Ain)) = nim Y1(in),

— 00

and V € 91(X) by Lemma 2.2(3). B
Let us then show that 91(X) C ;2 Usey, AiC. Fix V € 91(X) and let i € ¥ be
such that ¥1(i) = V. Observe that, by Lemma 2.2(4),

V1(1) = Ay, Y1 (0"1)
for all n € N. Since, by Lemma 2.2(5), ¥1(0"1) € C for all n € N, we have

Veﬁ UAiC

n=1lieX,

In

as required.
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Finally, let us show that (2, Uies,, 4iC C Yp. To that end, suppose that V' €
N, UiEEn A;C. Then for any n € N, we may choose i,, € ¥, and V,, € C, such that
V = A;,V,. Let v, be a unit vector such that V,, = (v,). Note that the set

S={Ae€GL(R): |A|| = 1}
is a compact subset of GLy(R). By passing to a sub-sequence if necessary, we may assume
that v, — v for some v € S! and

As
n_ 3 A
| A,

for some A € S. Now, by recalling the definition of domination from (2.1), there exist
C >0 and 0 < 7 < 1 such that

| det(]| A, |71 Az,)] =

ai(A;,)a(As,) _ as(4i,)
[ A, | o1 (As,)

Consequently, det(A) = 0, which together with ||A|| = 1, implies that rank(A) = 1.
Recall that, by [13, Lemma 2.3|, there is a positive constant x such that

HAlnvnH 2 HHAin”an” = K/H‘AlnH

<O

for all n € N. Since the maps A;, are linear, it follows from the Banach-Steinhaus
theorem that || Aj, || As, v, — Av and therefore,
HAlanLH

Avll = lim —2— >
Il = Jm So T 2 -

and Av is a non-zero vector in im(A). Thus, by the continuity of the map v — (v),
V= lim A; V, = lim (A;, v,) = (Av) = im(A4) € Yr.
n—oo n—oo
Therefore, V' € Yr and the proof is finished. O

2.5. Bounded neighborhood condition. To finish this section, we introduce a geo-
metric separation condition for self-affine sets, which we call the bounded neighborhood
condition. We remark that a similar condition has already been introduced in [23]. We
also define a weaker variant which allows exact overlaps in the construction. Let X be a
self-affine set and

D(z,7) ={pi: aa(A;) <r < ag(A;-) and ¢i(X) N B(x,r) # 0}

for all z € X and r > 0. We say that X satisfies the weak bounded neighborhood condition
(WBNC), if
sup #®(x,r) < oo.

reEX
r>0

Furthermore, X satisfies the bounded neighborhood condition (BNC) if it satisfies the
WBNC and ¢; # ¢; whenever i, j € X, such that i # j. It turns out that if the SSC is
not satisfied, then the WBNC is the right separation condition in studying the tangent
structure of X. Let us comment on how the BNC and the WBNC are related to other
separation conditions. It is not difficult to see that the SSC implies the BNC, but in the
examples to follow, we show that the OSC and the BNC are independent of one another.
We will give an example of a self-affine set satisfying the SOSC but not the BNC later in
Example 3.3, since it also shows that it is not possible to replace the WBNC with the
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SOSC in the assumptions of the main result of Section 3. The following is an example of
a self-affine set satisfying the BNC but not the OSC.

Example 2.4. We give an example of a self-affine set which does not satisfy the OSC, but
satisfies the BNC. Consider the IFS {¢;}3_;, where

1 1 9 1 1 9 3
= (2 — (4 4 — [ 4 1
*01 (o Q’ ” (o ;>+<o>’ o (o J*(o)

Let us briefly argue why the self-affine set X corresponding to this IFS does not satisfy
the OSC. Since (1,0) is the fixed point of @3, it is easy to show that any open set U,
which is mapped inside itself by ¢3, must contain some open rectangle R = (a, 1) x (0, a),
and then a simple calculation shows that ¢1(R) N p2(R) # 0.

Next we sketch why X satisfies the BNC. Let P, = {[2, 2t1): m = 0,...,4" — 1}
denote the quadratic partition of the unit interval. By construction, it is easy to see that
for any I € P,,, there are at most two 1,3 € X, i # j, such that ¢;(X)NI x [0,87"] # (
and ¢3(X) N1 x[0,87"] # 0.

Now let z € X, r > 0 and choose n € N such that 8" < r < 8™+ Since
ag(A;) =87, for all i € %,,, we have

O(z,r) ={i€Xp: pi(X)N B(z,7) #0}.

Note that for n > 3, we have 8 "t < 47" so B(z,r) intersects at most two of the
intervals in P,,, and therefore, #®(x,r) < 4 by our previous argument.

—_

Remark 2.5. It is even easier to construct self-affine sets which do not satisfy the OSC,
but satisfy the WBNC: take a self-affine carpet generated by the IFS

(a0 _a0+1—a
¢1*0b7()02*0b 0 )

where a > b and whose projection to the z-axis satisfies the weak separation condition
but not the OSC.

3. TANGENT DECOMPOSITIONS AND SLICES

We begin to study the structure of weak tangent sets of dominated self-affine sets
satisfying the bounded neighborhood condition. In the presence of the WBNC, we show
the existence of tangent decompositions and demonstrate how they can be used to study
slices of the set. Our main observation in this section is the following proposition which
generalizes Barany, Kdenmaki, and Rossi [9, Theorem 5.2]. By A + x we mean the set
{a+z:a¢€ A} for all A C R? and = € R?.

Proposition 3.1. If X is a dominated self-affine set satisfying the WBNC, then for
every T € Tan(X) there exist v € X and V € Xp such that

dimH(T) <1+ dimH(X N (V + 93))

In particular,
dima(X) < 1+ sup dimpg(X N (V +x)).

zeX
VeXp
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In Example 3.3, we show that the proposition can fail if the WBNC is not satisfied
and in fact, this is even possible under the SOSC. In particular, the previous proposition
is not true if one replaces the WBNC by the SOSC.

The proof of Proposition 3.1 relies on finding suitable decompositions of the tangents
of self-affine sets into finitely many components, where each component can be affinely
mapped to a slice of the original set. This is made formal by the following lemma.

Lemma 3.2. If X is a self-affine set satisfying the WBNC and T € Tan(X), then there
exists a finite index set I such that for every i € I there is a set T; C T, a point y; € X,
and a linear map G; for which

(1) T'=Use, Ti,
(2) rank(G;) > 1,
(3) Gi(T;) +y: C X.
Furthermore, if X is dominated, then rank(G;) = 1 and im(G;) € Xp for alli € I.

Proof. Let T € Tan(X). By definition, we may choose a sequence (i, )nen of infinite
words and a sequence (7, )nen of positive real numbers converging to 0 such that

Mz, v (X)NB(0,1) =T
in Hausdorff distance. Since X satisfies the WBNC, there exists M > 0, such that
H#O(mip, rn) < M,

for all n € N. Hence, there is K € {1,..., M} such that #®(7iy,r,) = K for infinitely
many n. In other words, there exists a sequence (ny)ken of natural numbers such that
#O(miy, , 1y, ) = K for all k € N. Write

. K
<I>(7'r1nk ) Tnk) = {SOj;k Fima

for all £k € N. By passing to a sub-sequence, if necessary, we see that for every ¢ €
{1,..., K}, there exists a set T; such that

(Mri,, 1, O‘pj%k""’Mﬂinwnk ogpjfk)(XK> NBO, 1)K =Ty x - x Tk

in Hausdorff distance. Noting that

K
Mz, v, (X)NB(0,1) = | ] M,
=1

ogoj%k(X) N B(0,1)

ink g

for all k£ € N, we see that (1) holds.
Since X ¥ is compact, we may assume that (goJf}llk (i), ... ,gojf%k (min,)) = (y1,...,YK) €

XK and therefore for each i € {1,..., K} there exists a linear map G; such that

(()Oj—}ilk o M;iik’rnk,...,gp;};k o M7;i-1nk77'nk) - (Gy+wy,..-,Gr +yK),

in the uniform convergence in X*. Clearly,

ik oML o (Masy oy 055 (X)NB(0,1)) C X,

Jny, TingTng

so by taking the limit, we see that G;(7;) + y; C X which proves (2).
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Finally, to prove (3), denote by Aj;i the linear part of ¢;: . Then, by the definition
Nk N

of ®(mip,,ry, ), we have that

|7, A = rp,a2(A )_1 > 1.

sl
NS Ing

Since A — ||A]| is continuous, we have ||G;|| = limg_y00 HrnkAj_il | > 1> 0 and, in
TLk
particular, rank(G;) > 1 for alli € {1,..., K}. '
Let us next assume that X is dominated. Fix ¢ € I and for simplicity, denote j;, by

jk. First observe that the sequence (|jk|)ken is unbounded, since if it was bounded by
some number L € N, we would have

Ty, = a2(Aj,) = (je{fll}.i.?N} az(A;)" >0

for all k£ € N contradicting the fact that limy_,o 7, = 0. By domination, there exist
C >0and 0 <7 < 1 such that

1 T2k r2k
det(r,, A7 )| = n = &
| det(rn, 43, det(A;,)  a1(Aj,)az(Ay,)
< az(4;,) < ¢ ikl

o1 (Aj, ) minjery vy a2(A;) — minjeqr, Ny a2(4;)

Since |j| is unbounded, we see that rank(G;) = 1. Finally, since rnkAJ.jl converges to
T
the linear map G;, which is a rank one map, im(G;) € Xp. O

We are now ready to prove Proposition 3.1.

Proof of Proposition 3.1. Let T € Tan(X) and {7;};cr be a tangent decomposition of T
given by Lemma 3.2. Notice that, since T' = | J;c; T3, we have dimp (T) = max;er dimy (75).
Let i € I be the index which achieves this maximum. By Lemma 3.2, we have G;(T;)+y; C
X N (im(G;) + yi) and hence,
dlmH(Gz(TZ) + yi) < dimH(X N (1m(GZ) + yl))
Since x — Gz + y; is bi-Lipschitz equivalent to projyer(q,)+, we have
dimp (7;) < dimp(R X projyer(c,)- (7))
=1+ dimH(prOjker(Gi)i(Ti)) =1+ dimpg(Gi(T;) + x).
Therefore,
and we have shown the first claim. By Lemma 2.1, the second claim follows immediately
from the first claim. O

Ezample 3.3. In this example, we exhibit an affine IFS {p; = A;+b;}7_, and its self-affine
set X satisfying the SOSC but not the WBNC such that (A, As, Az) is dominated, and
such that

14+ sup dimg(X N(V +2)) < dima(X) = 2. (3.1)

rzeX
VeXp
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FI1GURE 1. The self-affine set of Example 3.3. The first level cylinders
are illustrated by dashed lines.

In particular, the upper bound of Proposition 3.1 can fail if the WBNC is replaced by
the SOSC.
Let us define {1, 2, p3} as p; = A; + b;, where

(3 )on= (] ) 0] §) im0 ()

Let X be the associated self-affine set; see Figure 1. Since 0 = (0,0) is a fixed point for
both 1 and ¢y, we have 0 € p1(X) N2(X) and X does not satisfy the SSC. However,
X clearly satisfies the SOSC with the open set U = (0, 1)2. Furthermore, it is not difficult
to see that for any M € N there exists r > 0 such that

#®(0,7) > M,

so X does not satisfy the WBNC.

For ¢ > 0, let C. C RP! be the cone with boundaries ((1, —¢)), {(—¢, 1)) and containing
((1,1)). It is easy to see that C. is strongly invariant with respect to (Aj, Az, Ag) for
every sufficiently small € > 0. Furthermore, A;Cy C Cy for every i = 1,2,3. Let Dy be the
cone with boundaries ((3, —1)), ((1,—3)) and containing ((1,—1)). It is easy to see that
A7'Dy € Dy and (3, 1), (1, —3) are eigenvectors of A; and A respectively. Therefore
Xr is not a singleton, and furthermore, by Lemma 2.3, Xrp C Dy. Simple algebraic
manipulations show that

1 7 [5
A; .62, min || 4;]v]| > =, and ATV < —4 /= < 0.32 2
| Aill < 0.6 ,‘r/rgg)ll iVl 3 an ‘r/rggé\l i vl 5\ 17 <03 (3.2)
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for every i = 1,2, 3.

Let us now show that dima (X) = 2. As X C R? it is enough to prove dima (X) > 2,
and for this, by recalling Lemma 2.1, we construct a suitable weak tangent. For n € N,
let us define T},: R?> — R? by setting

Th(z) = M 3-n(x) = 3"x

for all x € R?, and let T' be the Hausdorff limit of the sequence T;,(X) N B(0,1). By
showing T' = B(0,1) N[0, 1]?, we have proved that dima (X) > dimy(7) > 2 as required.
Consider the set X% = {iy -+ ip € By i € {1,2} for all k € {1,...,n}}. Let e; = (1,0)
and ez = (0,1). Denote by Q1 = B(0,1) N [0,1]? the closed first quadrant of the unit ball.
Note that for every i # j € L2,

To(ps(U) NTo(ps(U)) =0 and | Tu(ps(T)) N B(0,1) = Q1

iexh?

since || Asex| = (1/3)" for every k = 1,2 and i € ¥5” by (3.2). Then for any i € %52,
the central angle of the sector T,,(¢;(U)) N B(0,1) is

oy = <((Aser), (Ases)) = arcsin (%) < arcsin ((;“Dn) o (33)

where in the last inequality, we used (3.2). Now, let y € Q1 be arbitrary. For every
n € N, there exists i € X5 such that y € Tp, (5 (U)). Since X contains a continuous
path between the points (0,0) and (1,1), there is a point x € 0B(0,1) N T5,(pi(U))
such that T),(¢:i(X)) N B(0,1) contains a continuous path between the points (0,0)
and z. In particular, together with (3.3), this implies that there exists a point z, €
T, (pi(X)) N B(0,1) such that

3 n
ly — zn| < arcsin <<4) ) :

Therefore, T,,(X) N B(0,1) — @1, which implies that dima (X) > dima (Q1) = 2.

Finally, it is enough to show that there exists ¢ < 1 such that for every V € X and
z € X, dimpg(X N (V+z)) <c Fixany V € Xp and z € X. For every n € N and
ie Xy’ by (3.2)

diam (05 (0) N (V +2)) = [|As] 41y || diam (T 0 (ATV + o7 (2))
<Azl gy V2 = | AT v 1 V2 < (0.32)"V2.

_log3
log 0.32

Hence, for every s >
s : s/2 -1 —s : s/2qn sno__
H(XN(V+2) < lim 2 EXE: 1AL vl 7 < lim 2°/237(0.32)" =0,

and so dimg(X N(V +z)) < _1012%%2 <l




SLICES OF THE TAKAGI FUNCTION 15

Remark 3.4. For the purpose of this remark, let us briefly recall some definitions. For
each A € GLy(R) and s > 0, the singular value function is

a1 (A4)7 if0<s<1,
ar(A)az(A)~L if1<s<2,

(a1(A)ag(A))*/2, if s > 2.

1
905(14) = 1

The value ¢®(A) represents a measurement of the s-dimensional volume of the ellipse
A(B(0,1)). For each A € GLy(R)™ and s > 0, the pressure is

P(A,s) = lim llog Z ©*(A;).

n—oo N
i€y,

As the singular value function is sub-multiplicative, the limit above exists by Fekete’s
lemma. It is also easy to see that the pressure P(A, s) is continuous and strictly decreasing
as a function of s with P(A,0) > 0 and lims_,o, P(A, s) = —co. We may thus define the
affinity dimension by setting dim,g(A) to be the minimum of 2 and the unique s > 0 for
which P(A,s) = 0. If X is a self-affine set, then dim,g(X) denotes the affinity dimension
of the associated tuple of matrices. Also recall that a self-affine set is strongly irreducible
if no finite collection of lines in RP! is preserved by all of the matrices in the tuple.

In [10, Example 3.3|, the authors answer a question posed by Fraser in [19], by
giving an example of a self-affine set X satisfying dimy,(X) < dimg(X) = dim,g(X) <
dima (X), where dimy, denotes the lower dimension; see [19, §3.1] for the definition. Their
construction is strongly based on an underlying self-affine carpet, so it is an interesting
question, whether this behaviour is possible when X has no reducible subsystems. By
an argument similar to the calculation of the Assouad dimension in Example 3.3, it
is easy to see that X has a line segment as a weak tangent at the point (1,1), and
therefore dimy,(X) < 1 by [20, Theorem 1.1]. Moreover, since the matrices (A1, A2, A3)
have pairwise distinct eigenvectors, the strong irreducibility follows and by [7, Theorem
1.1] and a simple calculation using (3.2), we have 1 < dimp(X) = dim.g(X) < 2.
Thus, Example 3.3 shows that, in the absence of strong separation, the behaviour
dimy,(X) < dimp(X) = dimag(X) < dima (X) is possible for self-affine systems with no
reducible subsystems.

4. SELF-AFFINE SETS WITH LARGE PROJECTIONS

In this section, we show that if all the projections of the self-affine set have maximal
dimension, then we have equality in Proposition 3.1. We also show that the supremum in
the statement can be replaced by a maximum. The following theorem is the main result
of this section and Proposition 4.5 below assures that it generalizes Barany, Kdenmaki,
and Yu [10, Theorem 3.2] by relaxing the SSC to a separation condition which allows
slight overlapping.
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Theorem 4.1. Let X be a dominated self-affine set satisfying the WBNC' such that
dimg(X) > 1 and dimg(projy 1 (X)) =1 for all V € X, then

dimp (X) =1+ max dimp(X N(V +x))
VIGEXF
=1+ max dima (X N (V + x)).

VEeRPI\Yp

The proof of the theorem uses ideas introduced in [10, §5], but the absence of strong
separation induces some complications. We essentially split [10, Lemma 5.2], which
assumes the SSC, into Lemmas 4.3 and 4.4 and make two key observations to work
around the lack of SSC. First of all, the intuition behind [10, Lemma 5.2] is that the
weak tangent sets of the self-affine set X have a comb-like structure, where the slices
of the tangent set along the direction of the teeth of the comb have full dimension, and
the dimensions of the slices in directions perpendicular to the teeth have dimension
comparable to some slice of the self-affine set in a Furstenberg direction. By Lemma
3.2, we know that under the bounded neighborhood condition, the situation is similar
in the sense that the weak tangents are finite unions of these comb-like sets. Secondly,
in [10, §5], to show that the teeth of the combs point to the same direction, the authors
use the fact that any slice of the self-affine set has dimension strictly smaller than one,
which does not have to be true in our setting. We work around this using domination in
the following lemma.

Lemma 4.2. Let X be a dominated self-affine set and (ig)ken be a sequence of infi-
nite words in 3. If (ng)nen 1S an increasing sequence of integers such that the limit
limy o0 D1 (1k|n, ) ezists, then limy_,o V1 (i) ezists and

lim El(ik) = lim ﬁ1(1k|nk>
k—00 k—o00

Proof. Let (ny)ren be a strictly increasing sequence of integers such that the limit
W = limg_00 U1 (ig|n,) € RP! exists and let ¢ > 0. By Lemma 2.2(1), 91 (i) is well
defined for every k € N and, by the uniform convergence, we may choose kg € N large
enough such that

V1 (k| ), V1 (d8)) < %

for all k > kg. By the assumption, by making kg larger if needed, we also have
A (5kl). W) < 5,
for all k > kg. Thus, by the triangle inequality, we have
(V1 (i), W) < <(W1(ir), 91(iklny)) + <01 (ikln, ), W) < €
and therefore, limy_,o ¥1(ix) = W. O

We abuse notation by denoting the intersection of 7' € Tan(X) with the open unit ball
by T°. Similarly, if {7} is a tangent decomposition of T', then we let T = T;\0B(0, 1).
This should not cause any confusion, since we will not be referring to the actual interior
of T at any point. Furthermore, by the rank, image, and kernel of an affine map, we
mean the rank, image, and kernel of its linear part.
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Lemma 4.3. Let X be a dominated self-affine set satisfying the WBNC' such that,
dimg(X) > 1, and dimg(projy 1 (X)) =1 for all V € Xp. Let T € Tan(X) and {T;}icr
be a tangent decomposition of T' given by Lemma 3.2. Then for every i € I there exists
W; € Yr such that
dimgg (T (1 (W + 1)) = 1

forally €Ty .
Proof. Let (ir)ren be a sequence of infinite words in ¥ and (rg)ren be a sequence of
positive real numbers converging to zero such that

Mz, r (X)NB(0,1) — T.
Recall from the proof of Lemma 3.2 that there exists a sequence (nk)ken of integers and,
for each ¢ € I, finite words j;, € 3, and sets T} such that

Mﬂ'inkﬂ"nk © (‘DJZ,C (X) N B(()? 1) — 117/

for all ¢ € I in Hausdorff distance. Fix y € T and choose ¢ € I such that y € 7. Since
y & 0B(0,1), there is § > 0 depending only on y such that B(y,25) C B(0,1). Therefore,
there are infinite words jj € [jy,,] such that Mrs, ., (7(jx)) — y and
Misy vy (X OV B3k, 070y ) © Mrsy, o, © 03, (X) N B(0,1) (4.1)
for all large enough k € N. Let my > ny be the unique integer which satisfies

a1 (A

By again passing to a sub-sequence, if necessary, there exists an affine map P, such that

< Orp, < a1(A (4.2)

Jk|mk) jk‘mk—l)'
Mrsn, rn, © Piklm, P,

in the uniform convergence in X. By compactness and (4.1), we have y € Py(X) C T;
and, by domination, we have

as(A
aq (Ajk‘mk)
so in particular det(rgklAmmk) — 0 as k — oo. Also, by (4.2) and [8, Corollary 2.4], there

exists a constant C' > 0 such that we have ||r;k1Ajk|mk || > C6 for all k € N. Therefore,

we see that rank(P,) = 1. Let W, = im(P,) and note that by Lemma 2.3, W, € Yp.
Recall that Py(X) and projye(p,) (X) are bi-Lipschitz equivalent, so by the assumption,

dimp(T N (Wy +y)) = dimp(P,(X) N (Wy +y))
> dimy (projker(Py)L (X)> :

<o,

(4.3)

Let uls show that ker(F,) € Xp. Observe that the linear part of the map Mrs,,, r,, ©P4|,n,
18 ,r";k AJk'mk
convergence in X. Denote by A, the linear part of P, and let v be a unit vector in

the kernel of A,. Since the eigenspaces of (T;klAmek )T(r;klAjk‘mk) converge to the

eigenspaces of AgAy and since ker(A,) = ker(AgAy) is the eigenspace corresponding to
the singular value 0, we see that there is a sequence of unit vectors vy — v, such that

AT kL — OéQ(A

and notice that this sequence converges to the linear part of P, in the uniform

2
Jklmk) Uk
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—14.

for all k € N. Let us define wy, = as(A iklm

jk|mk) Uk- By the previous, we have

[NIES

= ag(A, . )HAT A

Jk|mk

N

1 _ _
Skl Salm, Ok [0R) 2 = a2(Ay,, )7 (2(Ag,, ) ok - vr)

1
= (v - vp)? = [Juell =1,

where - is the standard inner product on R?. Therefore, by possibly passing to a
sub-sequence, we may assume that wj converges to some unit vector w and that

-1
Sy ~ B
Jk‘mk
for some 2 x 2 matrix B,. Since Al = (Al_l, . ,A]_Vl) is dominated, we see as before,
that det(”(Ajk\mk)_lH_l(Ajklmk)_l) — 0, so By has rank at most one. Since
(Ajk\mk)il ] Ajk|mk,vk _
[(Agp) 1 a2(Agyy,,) —

by taking limits, we have that B,(w) = v, so v is a unit vector in the image of B,,.
Therefore By is a rank 1 matrix and ker(4,) = (v) = im(B,) € Xp. By the assumption
and (4.3), we have that dimy (7T N (W, +y)) > 1. The upper bound is trivial, since
T N (W, +y) is contained in a line.

Finally, let us show that W, is constant in 7;. By passing to a sub-sequence, if
necessary, we may assume that limg_, o 91 ( JﬁLk) = W, for some W; € Yr. Notice that W;
does not depend on the choice of y € T. By Lemma 2.3 (or rather its proof), it is easy
to see that

Wy =im(Py) = Hm 91 (jklm,)-
Therefore, by Lemma 4.2, we have im(P,) = limy_,o ¥1(jx). Noting that j%k = jk“j%kl
and, applying Lemma 4.2 again, we see that
Wy = lim 91(3x) = lim 91(3;,) = Wi
finishing the proof. ]

Lemma 4.4. Let X C R2? be compact. Then for every z € X and V € RP! there exist
T € Tan(X) such that

dimp (T NV) > dima (X N (V 4+ 2)) = dimpg(X N (V + ).

Proof. Let V € RP! and x € X and, by recalling Lemma 2.1, let Tjax € Tan(X N (V +1))
be a weak tangent, which satisfies dimp(Tipax) = dima (X N (V + x)). Let (x)ken be a
sequence of points in X N (V + z) and (r;)ken be a sequence of positive real numbers
converging to zero such that

M,

Tk,Tk

(XN (V+2x)NB(0,1) = Thax

in Hausdorff distance. Since z € V + z for all £ € N, and each M,, ,, is a similarity, we
have My, ».(V +x) — V. Let T be an accumulation point of the sequence My, ,, (X) N

Tp,Tk
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B(0,1). Then T € Tan(X) and, by compactness, Tynax C T'N V. Therefore, we have
dimy (X N (V +2)) < dima (X N (V + 2)) = dimg(Tnax) < dimg(T NV)
as required. O
We are now ready to prove the main theorem of this section.

Proof of Theorem 4.1. By Lemma 2.1, we have

dimp (X) = Ter%la%1>§x) dimy (7)), (4.4)

so we may choose Tax € Tan(X) such that dimp (X) = dimpg(Tax). Recalling Proposi-
tion 3.1, there are z € X and V € Xp C RP! \ Yz such that

dima (X) = dimp(Tmax) < 1+ dimg(X N (V + 2)). (4.5)
By Lemma 4.4, there exists a tangent set 1" such that
dimp (T NV) = dima (X N (V 4+ 2)) > dimp(X N (V + 2)).

If dimg(T'NV) = 0, then trivially dimg(7) > 1+ dimpg(X N(V +x)) = 1, by Lemma 4.3.
Therefore we may assume that dimp (7N V) > 0. Notice that 77NV N9dB(0,1) consists
of at most two points, so dimg(7° N V) = dimg(T’ N V). Let 0 < s < dimp(T' NV)
and let 1 be a Frostman measure on 7° N V; see [36, Theorem 8.8]. Let {T;};cr be a
tangent decomposition of T" given by Lemma 3.2. Since T' = | J,c; T, at least one of the
sets T NV has positive p-measure. Let T}’ be such a set and let W; € Yr be the line
given by Lemma 4.3. Since V & Y, we have V # W, and so, by the Marstrand’s slicing
theorem [11, Theorem 3.3.1],

1 =dimg(TN(W; +y)) < dimp(7T') — s

for p-almost every y € T? NV In particular, since p(7 N'V) > 0, such a point y exists.
By letting s T dimg(T'NV), we get

dima (X) > dimp(7) > 1 +dimg(T'NV)
2 14+ dimp (X N(V +2)) 2 1+ dimu(X N (V +2)).
Combining this with (4.5), we get
dima (X) =1+ dima(X N(V +2)) =1 +dimg(X N (V +2))

as claimed.

It remains to show that dima (X N (W +y)) < dimg(X N (V +2)) for all y € X and
W € RP!\ Yr. By repeating the above proof for such y and W, we find a tangent set T
such that

1+ dima (X N (W +y)) < dimp(7T) < dimp(Tax) < 1+ dimg(X N (V + 2)),
where we used (4.4) in the middle inequality. This finishes the proof. O

To finish this section, let us verify that Theorem 4.1 generalizes Barany, Kaenmaki,
and Yu [10, Theorem 3.2]. The proof is based on Bardny, Hochman, and Rapaport [7,
Proposition 6.6].
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F1GURE 2. The graph of the Takagi function for A = %

Proposition 4.5. If X is a dominated self-affine set satisfying the WBNC' and the SOSC
such that dimp(X) > 1 and X is not a singleton, then

dimpy(X) =1+ max dimp(X N (V + x)).
VE§§1\YF
Proof. Since X satisfies the SOSC, [10, Theorem 2.18] shows that
dimp (projy . (X)) =1
for all V. € RP!\ Z, where T = {W € RP!: W = A;W foralli € {1,...,N}} and
contains at most one element. If Z = (), then the claim follows from Theorem 4.1. Bdrany,

Kéenmaiki and Yu [10, Lemma 2.11] show that if X is not a singleton, then Z is non
empty if and only if the matrices A; are of the form

a; bi

possibly after a change of basis, where 0 < |d;| < |a;| < 1, and the matrices are not
simultaneously diagonalizable, and clearly in this case, Z = Yp. Since Xp C RP!\ Y5,
Theorem 4.1 gives the claim. (]

5. ASSOUAD DIMENSION OF THE TAKAGI FUNCTION

As an application of Theorem 4.1, which connects the Hausdorff dimension of the
slices to the Assouad dimension of the set, we are now able to study slices of the Takagi
function. The following result, which is the first part of Theorem 1.1, follows immediately
from Theorem 4.1 after verifying the assumptions of the theorem.
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Theorem 5.1. If T) is the Takagi function, then
dimp (7)) =1+ max dimy(Th N (V +z))
vexy
=1+ max dima (T\ N (V + z)).
VeIRl}i\l
The second result of this section, which implies the second part of Theorem 1.1, gives

an explicit upper bound for the Assouad dimension of the Takagi function. In particular,
it follows that the Assouad dimension is always strictly smaller than 2.

Theorem 5.2. If T) is the Takagi function, then

: log(2™ — 1)
< -
E:ng%"f\c dlmH(T)\ N (V + $)) X log 27 <1
vV eRrpl

where

— log 2( K + M,) S 9
A —log)\ )

Ky=Y4en2 A" =0@A=1)7!, and M) = max,eo1] Ta(x) = (3(1 — )L

The prerequisite in the proof of the above theorems is to express the Takagi function
as a self-affine set. Let T): [0, 1] — R be the Takagi function for the parameter % <A<l
as defined in (1.1). Let A = (A, As) € GLo(R)?, where

1l L
A1:<% ) and A2:<2 ),
T —1

and observe that, as % < A, both matrices have two real eigenvalues with different absolute
values. Furthermore, the contraction by A is realized precisely on the y-axis which is
invariant under both matrices. We define affine maps @1, p2: R? — R? by setting

pi1(z) = Ai(z)  and  @o(z) = Aa(2) + (5, 3),
for all z € R%. A straightforward calculation shows that
To(%) = £ + AT\ (2), and T\(% + 3) = 1 — £ + AT\ (2).

It follows that o1 (z,Ty(2)) = (£,T2(%)) and wa(z, Ta(z)) = (% + 5. T\(% + 3)), so
Ty C R? is the self-affine set associated to the affine IFS (1, p2). Observe that, by
induction, we have

2~ Il 0
A = ( |ki|:1(_1)i\1|7k+1+12—’€)\\i|—k )\i|> ’

2l 0
Al = ; . .
T ( |,:|:1(_1)Zk2\1l—k)\—k )\—I1|>

for all 1 € X,. We begin verifying the assumptions of Theorem 4.1 by showing that T} is
dominated.

(5.1)
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Lemma 5.3. There exists C' > 1 such that
Ml <arA) <ol and C7127R Cap(4y) < 271
for all i € X, In particular, Ty is dominated.

Proof. Let i € ¥, and recall that a1(A;) = ||Ai||. The lower bound for a;(A;) follows
from the fact that APl is an eigenvalue of A;. Similarly, since as(4;) = ||A7Y| 7", the
upper bound for ay(A;) is trivial as 2lil is an eigenvalue of Ai_l. We prove the upper
bound for a;(A;) and only remark that the proof of the lower bound for as(A;) follows

similarly. Let s(i) = Lil(—1)i|i\—k+12_’“>\‘1|_k and notice that
[1] 00
|s(i)] < Y 27FARER < ARy "ok ATk = gy AlE
k=1 k=1

for all i =iy ---i; € X,. Writing y = (y1,72) € S*, we see that
1Asy[* = 127 Fy1)? + (s(2)y1 + Alya)?)
= [2720yF + s(1)%F + 25(2) A yaye + Ay
(272 4 [5(1)2)y7 + 20s(2) N yrya| + A3
A2 KEAZEL oy A2 4 220
= (K} 42K, + 2)A21,
so the claim holds with C' = \/m > 1. Finally, since

as(A3) < (55) (A,

we see that T) is dominated. O

<
<

Let us next determine the Furstenberg directions of the Takagi function. For a given
t € R, let V; = ((1,t)) € RP! be the line with slope ¢ passing through the origin, and let
Voo = {(0,1)) € RP! be the y-axis. Recall also the definition of K from the formulation
of Theorem 5.2.

Lemma 5.4. If T\ is the Takagi function, then
Xp={V, e RP': t € [-K), K,|}
is a closed projective interval and Yr = {V} is a singleton.

Proof. Let i € ¥ and observe that, by (5.1), we may define

R —n A—1 _ 1 0
By = lim 277 A~ = <2;‘;l(—1)ik2’uk 0/
Since T)\ is dominated by Lemma 5.3 and lim,, - 71 (Afl_l) = (1,0), it follows from
Lemma 2.3 that the word i determines an element Vi = im(Bj) of the set X by
Vi = (Bi(1,0)) = (1,)_(=1)*27*A7F).
k=1
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Hence, it is clear that for any V € {V; € RP': t € [~ K, K]}, there exists i € ¥ such
that V =V; € Xp.
For the other inclusion, let V € Xp. By the definition of X, we find a sequence

(¢n)nen of positive real numbers, a sequence (i )nen of finite words i, =} - - - iﬁ-n' € Y,
and a linear map A of rank one such that A = lim,,_, C”Ai__l and V = im(A). Passing

through a sub-sequence, if necessary, we see that

lim 27 ‘1”‘14@_ = 1 n 0
n-»00 limy, oo Yopeq (1)%E27FATF 0 )

where the limit limy, 00 Y, (—1)% T127%A=F exists. In particular, ¢,27 1l — ¢ € R\{0}
and A is a constant multiple of the above matrix, which finishes the proof.
For Yp, let 1 € ¥ and using (5.1) define

0 0
= = (g e et 1)

Since im(B;) = Voo, we have {Vo} C Yp. For the other inclusion, as before, if V € Yp,
we find a sequence (¢, )nen of positive real numbers, a sequence (1n)n€N of finite words

i, =47 iﬁn‘ € ¥, and a linear map A of rank one such that A = lim,_, ¢, A;, and
V =1im(A). Passing through a sub-sequence, if necessary, we see that

B = (g s 1)
and since im(A) = Vi, the proof is finished. O

To finish verifying the assumptions of Theorem 4.1 for the Takagi function, it suffices
to show that the Takagi function satisfies the weak bounded neighborhood condition.
This is the purpose of the following lemma.

Lemma 5.5. The Takagi function T satisfies the BNC.
Proof. Let C' > 1 be the constant of Lemma 5.3. Fix 2 € Ty and 0 < r < C~!, and let

k € N be the smallest natural number satisfying
2kCt
Define
B, (2,7) = {ps: 2"C71271H < < 2P0 7127 EH and o5 (X) N B(x, ) # 0}

for all n € N. It follows from Lemma 5.3 that ®(z,r) C Ui:o ®,,(x,r), so it suffices to
show that the cardinality of ®,,(z,r) is uniformly bounded for all n € {0,...,k}. For
each n € {0,...,k}, let m,, be the unique integer satisfying

nClgmmn L < QNI (5.2)

Then clearly ®,(z,7) = {pi: 1 € %, and ¢i(X) N B(z,r) # 0}. We observe from
the construction that each ¢; with i € ¥, maps T) inside a unique set of the form
[27],‘§n ) g,j:i] x R, where k is an integer satisfying 0 < k < 2™n. Therefore, (5.2) implies

that B(x,r) can intersect at most

277’Ln7, < 2mn2ncfl2fmn+1 g C*l2k+1’
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of the sets ¢;(X) with i € 3,,,. Since the upper bound is independent of z and r, the
set T\ satisfies the BNC. O

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. 1t follows from Lemmas 5.3, 5.4, and 5.5 that the Takagi function
T is a dominated self-affine set satisfying the BNC such that Xz is a non-trivial projective
interval. Furthermore, since the Takagi function is continuous, T»(0) = 0 = T)(1)
and, by [37] (see also Lemma 6.7), M) = max,¢[o 1) TA(X) = ﬁ > 0, we see that
dimy (projy . (Ty)) = 1 for all V € RP!. Therefore, by Theorem 4.1, we have
dimp (Th) =1+ max dimp(Th N (V 4+ x))
Vexy
=1+ max dima (Th N (V 4 x)).
@€Ty

VeRPI\YL

Furthermore, by Lemma 5.4, Yr is a singleton containing only the y-axis V. Since T}
is a graph of a function, we have dima (T\ N (Voo + z)) = dima ({z}) = 0 for all = € T},
which concludes the proof. [l

To finish this section, we prove Theorem 5.2.

Proof of Theorem 5.2. Since T) is a graph of a function, it suffices to show that
log(2™ — 1)

dimH(T)\ M (V + l‘)) < log 9

for all z € T\ and V € RP!\ {V,.}. We write
Sn(A) ={i € Zn: 0:(Th) N A # 0}
for all A € R? and n € N. Let us first show by induction that
#5kn, (V +2) < (2™ — 1F, (5.4)

forallk € N, z € T\ and V € RP*\ {V,.}.
First let k =1, z € Ty and V € RP!\ {0}. By symmetry, we may assume that V =V},
with ¢t > 0 and without loss of generality, we may also assume that = = (0, y) for some
y € R so that
Vi+x={(s,ts+y): s € R}.
Since #X,, = 2", it suffices to show that there exists at least one i € X, such that
ei(Th) N (V; + z) = 0. Assume without loss of generality, that ¢i, (T\) N (Vi + ) # 0,
where i; = 1J,,. From (5.1), we may deduce that ¢;, (7)) is contained in the rectangle
[0,27A] x [0, (K )+ M)x)A™], and since o5, (Th) N (Vi+x) # 0, we have y < (K + M)A,
Write z1 = (3, 3) and let i = 12. Since T)(3) = 1, we have z1 €Ty In fact,
2
pan, (1) = (5,1).
L (0

It is also a simple exercise to show that ¢;|, (0) > % Therefore, if %t +y < %, then

@i, (X)N (Vi + ) = (. On the other hand, 1ft +y > 3, then
>1-2y>1-2(K\+ M)\" >0
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by the choice of my). This means that the line V; + x has a positive slope. Since
i, (Th) C [1 =27, 1] x [0, (K + My)A™] by symmetry, where iy = 2|,,, and since
t(1=2™) +y> 3 > (K\+ My)A™, we have p3,(T)) N (V; + ) = () which finishes the
proof for k = 1.

Let us then assume that (5.4) holds for k¥ € N. Let » € Ty and V € RP'\ {0}. To
finish the proof of (5.4), we have to show that #X 1), (V +2) < (2™ — 1)k*1. Notice
that trivially

Bkt1)ny = 113 € Bpg1yny: 1 € Yk, and j € Xy, } (5.5)

Let i € Ypp,. If i & Bpp, (V + ), then 1j € X p1)n, (V + ) for all j € 3, , so we
may assume that i € Xy, (V + x). Since ¢; is a bijection, we have for any j € 3,,,
that ¢;5(Ty) N (V 4+ x) # 0 if and only if ¢3(T\ Ny 1 (V +x)) # 0. Since ¢; ! is affine,
there exists x; € Ty and Vi € RP'\ {V,.} such that ;' (V + x) = Vi 4 z3, and thus
0i5(Th) N (V +x) # 0 if and only if j € Xy, (Vi + 21). Since this is true for all i € ¥, ,
we have, by (5.5) and the fact that the claim holds for ¥, (Vi + x;) and Xy, (V + z),
that

# 0 (V+2) = D #5n(Vit o)
ieE,m/\ (V+x)

< HTp (V ) - (270 — 1) < (2 — DL

This concludes the proof of (5.4).

Let us then show (5.3) by relying on (5.4). It follows from the construction that for
any k € N and i € Yy, , the image ¢; (7)) is contained in a vertical strip of width 27,
For any V =V, € RP' \ {V}, we therefore have

diam (5 (Ty) N (Vi + z)) < 27F /12 4+ 1. (5.6)

Thus {¢:i(Th) N (Vi + l‘)}iezkn)\(w+x) is a 27" \/12 + 1-cover of Ty N (V; + z) which
together with (5.4) shows that

Ny-rny g (Th N (Ve 4 2)) < #Zpn, (Ve +2) < (2™ - 1)k-

Taking logarithms, dividing by —log(27*"*\/t2 + 1), and taking the limit as k — oo
yields

. . log(2™ — 1)

dimg(Th N (Vi + 2)) < dimy(Th N (V; + z)) < g

as claimed. O

6. DIMENSION CONSERVATION

Let p be the uniform Bernoulli measure on ¥ = {1,2}, that is, y is the unique Borel
probability measure with the property that p([i]) = 2711l for all i € . Let 7: & — T),
be the canonical projection onto the Takagi function. It is evident that v = . is the
length measure on the x-axis lifted to the Takagi function. The following result, which by
(1.3) and Lemma 5.4 is a restatement of Theorem 1.2, is the main result of this section.
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Theorem 6.1. If T is the Takagi function and v = m,pu is the canonical projection of
the uniform Bernoulli measure, then

max dimg(Th N (V +2)) = dimg (7)) — 1
V€R$1

if and only if
dimy, ((projyL )«v, projy. () = 1
forallxz € T\ and V € Xp.

This section is devoted to the proof of this theorem. We start with an auxiliary lemma
whose proof is standard. Recall that

Yo(A) ={ieX,: pi(Th)NA#0}
for all A € R? and n € N.

Lemma 6.2. For every x € T\ and V € X, we have

log #5,,
dimy (T3 N (V + 2)) = lim inf 287200/ +2)

n—00 nlog 2

and

1 X
dimy(Th N (V + z)) = limsup og#En(V + 1) .
00 nlog 2

Proof. Let x € T\ and V € Xp. By Lemma 5.4, there is t € [—K), K| such that
V =V, ={((1,t)). Similarly as in (5.6), we have

diam(ps (Th) N (V +2)) <272 +1
for all i € %,(V + x). Therefore, the collection {pi(Tx) N (V + z)}iex, (v4a) 15 @

27"/t? + 1-cover of T\ N (V + z), which proves the upper bounds. The lower bounds
follow by observing that if {U;} is any 27"™-cover of T\ N (V + x), then every U; intersects
at most two of the sets in {pi(T\) N (V + ) }ies, (V4a)- O

The above lemma connects ,,(V +x) to the Minkowski dimensions of the slices. As we
further wish to connect the pointwise dimensions on T’ to the slices, we are interested in
estimating the number of words i not in X,,(V +x) for which ¢, (T)) is still relatively close
to V + x. The r-neighborhood of a set A C R? is denoted by [A], = {x € R? : |z —y| < r
for some y € A}. For n € N and ¢ > 0, we define the set of bad words at level n by

Badyc = 2, ([V 4+ x]ean) \ 2 (V + ).

We say that a bad word i at level n is generated at level k if k € {1,...,n} is the smallest
number such that il & Xx(V + ), and we denote the set of these length n words by
Badfw. Since every bad word at level n is generated at exactly one level k < n, we have

#Bad,. = » #Badf ..

k=1

The following lemma is the key observation in our analysis.
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Lemma 6.3. For every x € Ty and V € RP'\ {V,.} there are constants ¢, K > 0 such
that

#Bad} < K - #%,(V + 2)
for all n, k € N with k < n.

The proof of the lemma is technical and takes several pages. Trying not to disrupt the
flow of the presentation, we have postponed it into Subsection 6.1. Lemma 6.3 allows us to
connect the pointwise dimensions of the length measure on the x-axis lifted to the Takagi
function with the Minkowski dimensions of the slices. This is the content of the following
proposition. It generalizes a similar result of Manning and Simon [34, Proposition 4] for
the Sierpinski carpet to the self-affine regime.

Proposition 6.4. If Ty is the Takagi function and v = m.p is the canonical projection
of the uniform Bernoulli measure, then

_ . . logj .. log 5
dimyec((projy o )«v, projy o (z)) + log A dimy(Th N (V +2)) = Tog A

and
| . . log 5 — log 5
dimy,. ((projy 1 )«v, projy . (x)) + Tog \ dimy (TN (V +2)) = log A\

for all z € Ty and V € RP'\ {Vio}.
Proof. Let z € Ty and V € RP!\ {V,}, and note that
(projy1)«v(B(projy . (x),r)) = v([V + =)
for all » > 0. Write ¢ = v2(K) + My). It is easy to see that for every i € ¥,, we have
diam(ps(Th)) < cA™,

so for any i € ¥,(V + x), the cylinder ¢; (7)) is contained in [V + z].\n. Since the
v-measure of ¢; (7)) is 27", we have

v([Vtalan) = Y vles(Th) 227" #5,(V + x).
ieX,(V+zx)
Therefore
log v([V + 2]ean) N log2 log#X,(V + x)
log cA™ = logeAn log cA™

- nlog % B nlog i log #%,(V + x)
~logeA®  log el nlog 2

and taking the limit superior or the limit inferior, Lemma 6.2 yields the respective upper
bounds.

The lower bound is more subtle and for that we apply Lemma 6.3. Let ¢, K > 0 be as in
Lemma 6.3. Since the collection {¢;(X): i € ¥,(V +x)UBad,, .} covers T\ N[V + x]crn,
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Lemma 6.3 shows that
v(Vtalon) < D v+ Y. v(es(Th)
i€X, (V+4a) i€Badn,c
=2"" - #X,(V+x)+27" #Bad,

=277 #0,(V+1)+27") #Bads,
k=1

<2 #T(V +2) + 27K #5(V +x)
k=1
<27"MKn+1)-#X,(V +x).

Taking logarithms, dividing by ¢A™, and taking the limits then gives the desired lower
bounds. O

We are now ready to prove Theorem 6.1.

Proof of Theorem 6.1. Let us first assume that

@100((pr0ij)*V, projy . (x)) 21
for all z € Ty and V € Xp. Then Proposition 6.4 and (1.3) give us
dimy (Ty N (V +2)) < dimy(Ty N (V +2))
log A
= 1= 250 dimyoe((projy-1 ).v, projy-: («))
log 5
log A
<1 — dimg(Ty) — 1,
+ log 2 iy (7))

for all z € T and V € Xp. Since T) is a graph of a function and recalling the proof of
Theorem 4.1, this estimate extends to all V € RP'. Therefore, by Theorem 5.1,

dimp (7)) — 1 < dimp (7)) — 1 = Héézlix dimpg (T N (V + x)) < dimyg (7)) — 1
z€Ty

vV eRpl
and the claim follows.
Let us then assume that
II;%X dimH(T)\ N (V + (L‘)) = dimH(T)\) —1. (61)
T A
VeRrpl

If x € T\ and V € X are such that

dimyo ((projy 1 )«v, projy .+ (z)) <1,
then, by Proposition 6.4, (1.3), (6.2), and Theorem 5.1, we have

- log A log A .
d T 1-— =1 =d T\) —1
imy(ThN(V+z)) > log% + log 2 imp (Ty)
= max dimpg (7 N (V 4+ z)) = max dimp (T N (V + x))
€Ty €Ty
VeRrpl VeRrpl

which is a contradiction. O
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6.1. Proof of Lemma 6.3. It remains to prove Lemma 6.3. The proof we give is quite
technical, but the tools are elementary. The following geometric lemma allows us to
simplify the problem. Write RPY = {((1,t)) € RP!: |t < ©} for all © > 0 and let
K > 0 be as in Theorem 5.2.

Lemma 6.5. For any © > K there is a constant C = C(0©) > 0 such that for every
neN,i=i i, €X,, r>0,2€R? andV; € RIP’(la there exists y € R? such that

@;1([‘/;5 + x]’f) - [V;fl + y]C)F"ra
where t; = Y p_ (=1)*27FA=F 4 (20\)7"t. Purthermore, we have V;, € RPg.
Proof. 1t follows from (5.1), that <pi_1 maps V; + z to a line Vi, + y with slope t; =

Sp_ (=1)®%27FA=F 1 (2))7"¢, and since ¢; ! expands vertical distances by A™", a simple
geometric argument shows that by taking C' = v/©2 + 1, we have

e (Vi +2ly) = Vi, +9] VAT, . © Vi + Ylea-ny-
—— T
V1241
If |t| < K, then V;, € Xp by Lemma 2.2 and therefore, |t;| < K\ < © by Lemma 5.4.
Furthermore, if 7z = K, < [t| < ©, then

n

B B 1—(2))™ _
ti] < 2N)7F 4 (20t = ——"L 4 (207t
|t kzl( )T 2A) T o\ 1 + (20) 7"t
= (1= (2N ™Ky + (2N "t < |t| < ©.
Therefore, V;, € RPg,. O

Fix x € Ty and V € RP! \ {V,.}. Note that V € RPg, for some © > K. Define
Badfw(i) ={ijeX,:j €y and pi;(Th) N[V + z]ean # 0} (6.2)

for all i € ¥ and k < n. To prove Lemma 6.3 it suffices to show that there are constants
¢, K > 0 such that #Badﬁ’c(i) < K for all k < n, since in this case, we have

#Bady, = Y #Bady (i) < Y #Badj (i) < K- #5%(V + ).
i€Bady 1€, (V+a)
Moreover, by (6.3) and Lemma 6.5, we have
Badfz,c(i) - {IJ € Xy J S En_k([wl + y]Cc)\"*k)}V

so in particular, #Badfl,c(i) < #3501 (Vi +yloean—k ), where V;, € RP. Note also that

ifi € Badg,c, then we have T\ N (Vi, +y) = 0. Therefore, the following lemma implies
Lemma 6.3.

Lemma 6.6. For any © > K there are constants C = C(©) >0 and K = K(0) € N
such that for every V € RIF’IQ and z € R? satisfying T\ N (V + ) = 0, we have

#Xn([V +zoxn) <K
for alln € N.
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The remainder of the paper is dedicated to the proof of Lemma 6.6. We first present
six geometric lemmas which further clarify the situation and then conclude the proof at
the end of the section. Let us recall the following result of Mishura and Schied [37].

Lemma 6.7. The Takagi function T has exactly two mazximizers, Tmax = % and Ymax = %,
and its maximum value is M) = ﬁ Furthermore, imax = 12 and jmax = 21 are the

only infinite words with T(imax) = (Tmax, M) and T(jmax) = (Ymax, M»)-

Proof. The first part of the claim is proved in [37]. The fact that each maximum in T
has a unique coding follows from the fact that the projection of the IFS {¢1, p2} onto the
z-axis is the IFS which generates the dyadic intervals, and é and % have unique dyadic
codings imax = 12 and jumax = 21, respectively. O

In the following, we rely heavily on the mirror symmetry of 7). By Lemma 6.7,
the Takagi function restricted to [0, 3], ¢1(7)), has a unique maximum at Tpax. We
denote the point on the graph of T corresponding to this maximum by Ty,ay, that is
Tmax = T(imax) = (Tmax, My). We write i} = 1T and iy = 2. Let X = {i =iy ---i, €
Ypiip =1} and

Zn(A) ={i €T pi(Th) NA# 0}
for all A C R? and n € N. For each z € R?, V € RP'\ {V,.}, v € V with |v] = 1, and
0 > 0 we define

C(z,v,0) ={y € R®: (y —z) -v < (1 + %)y — 2|},

HY(z,V)={y e R%: vt - (y —z) > 0},

H (z,V)={y e R*: v’ (y—z) <0},
where v is the unique vector with positive second coordinate orthogonal to v. Further,
we let H™ (z,Vso) and HT (2, V) denote the left open half-plane and the right open half-

plane centered at x, respectively. Finally, let C~(z,d) = C(x,(—1,0),6) and C*(z,6) =
C(z,(1,0),9).

Lemma 6.8. If 2 = (Zmax, y), where y > My, then Ty N C~(z,1) = 0.
Proof. Let A =R x (—o0, M,] and note that
T\ C o1(A) = {(z,y) € R*: 2 € R and y < z + AM,}.

In particular, the graph of the Takagi function lies below the line satisfying the equation
y = x + AM). Note that the point Tpax is on this line, so ¢1(7)) lies below the line
V1 + Tmax, and the claim follows. O

Lemma 6.9. Let © >0, x € R?, V; € RP, witht > 0, and A C H (z, Vo) NH™ (2, Vo).
There exists a constant C = C(0) > 0 such that for any r > 0 satisfying AN [Vo+ x|, =0
we have AN [V, + z]or = 0.

Proof. Let C = (v/©% +1)71. Since A is contained in the shaded area in Figure 3, it
suffices to show that h < r. Since the triangles are similar, we have h = /12 + 1Cr <

VvVO2Z 4+ 1Cr < r. O
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K Vitz
- r
L h Cr
z ]
r/t Vo+z

FIGURE 3. The geometric observation of Lemma 6.9.

Lemma 6.10. Let z € R, § > 0, and A C H™ (z,Vp) be such that ANC~(x,8) =0 and
AN[Vo+ x|, =0. Then for any 0 < & < § there exists a constant C = C(e,8) > 0 such
that for each 0 <t < 6 — e we have AN [V, + z]cr = 0.

— g
Proof. Let C' = ST
Notice from Figure 4 that, since A is contained in the shaded area, it suffices to show
d > §. Since the right-angled triangles with side lengths 7 and r/t, and ¢ and Cr are

similar, we have £ = C'v/1 + t—2r, and therefore

The claim follows from the following geometric observation.

r 1 evtZ+1 d—c¢ r
=-— I+t™2r=(-—-—F—=srz|— |r>-=
d " Cv1+t=2r (t 5 52+1)r < 3 )'r 5
as claimed. O

In the remaining lemmas we use the following notation. For n € N we let iZ =
imaxlon_211, i = i axon_221, and ifF = i, .c]2n_222. The geometric interpretation of
this is that ¢;z (7)) corresponds to the cylinder adjacent to ;.. |,,(T2) on the left-hand
side, ;r(T)) to the cylinder on the right-hand side, and ¢; rr (7)) to the cylinder adjacent
to ¢;r(Ty) on the right-hand side. In the following, for any = € R?, we write

|zly = [ projy,, ()]
This is a seminorm on R? and it becomes a norm if we identify points with equal y-
coordinates. The seminorm |- |, induces a translation invariant pseudometric in the usual
way. For z € R? and E C R? we let disty(z, E) = inf,cp |z — z|,. For every z € R? and
r > 0, we have

By(z,r) = [Vo + ],
where By (z,r) denotes the open ball with center x and radius r in the pseudometric
induced by |- |,. In the sequel, we will repeatedly use the following simple fact: If
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Vi+tax .-~
T ////
' g Vo+z
///// i
Cr /»,»'?’/
lrfd
v d
r/t
| Vs+x
FIGURE 4. The geometric observation of Lemma 6.10.
0: R? - R? o(z) = Az +t, is an affine map, then
p(1) — e(22)ly = [Alz1 — 22)]y- (6.3)

for all z1, z9 € R2.

Lemma 6.11. There exists a constant C = C(\) > 0 such that for any integer n > 1

and i € {ik il iRRY we have

n»—mnir n
disty (Fmax, 91 (Ty)) = CA*".
Moreover, if i = i,LL, then the claim holds also with n = 1.

Proof. Let us denote pn, = @3 |, (0, My) = goik(l, My), let A =10,1] x [0, M),] and let
T be the open triangle determined by the points (1, M), (%, My), and (1, M)y — %) Note
that the affine map ;2 maps T to a triangle determined by the points ¢;z (1, Mx) = pp,
cpi%(%,M)\), and goi%(l,M/\ — %) By Lemma 6.8, we have T\, C A\ T which gives
¢ir(Ty) C ;2 (A\T), and therefore

disty (pn, ‘Pig(TA» > min{|p, — 90151(%7 M)y, [pn — ‘Pi{;(la My — %)|y}7

see Figure 5 for illustration. Using equations (6.4) and (5.1), we have

[Pn = s (1, My = 3)ly = lsr (1, My) = @z (1, My = 3)ly

)\Qn
= |4;2(0,3)y = =
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Dn
Vo + Tmax

Imax|2n

FiGure 5. Illustration of the proof of Lemma 6.11.

Similarly,
[pn = @52 (3, My)ly = s (1, My) — 011 (3, MA)\ = \Aig(%ﬂ)ly

(m) Z ) %)\2"

_ VT AL g AL gy

3(2A2 + ) ~ 62+ 3\
and therefore, we have
. 1 x+1 om
disty (pn, 52 (Th)) = mln{ 3 6)\2—1-3/\})\ . (6.4)

On the other hand, it follows by a simple calculation that ¢12(ZTmax) = Tmax, and therefore,
by induction, we have ¢; |, (Fmax) = Tmax for all n € N. By (6.4) and (5.1), we have

‘pn - EmaX’y = ‘cpimax|2n (O’ MA) SOlmaxIQn(37MA)‘y ‘Aimax (%7 0) ‘y

2n JA TN, A
— VN = e Y S sm

By combining this with (6.5) and applying the reverse triangle inequality, we get
dlSty(xmaX7(P1 ( )) dlSty(pnv(Pl ( )) ’pn Tmax‘y

(1 A+l 1 )
2 Py - A "
<mm{ 37 6X2 + 3/\} 3(2) + 1))

[ 2x 1 \on
= min
6A+3"6X2+3X\["

for any n € N, where min{%, m} > 0 for all A € (3,1).
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It follows from the construction, that disty(Zmax, pir(T))) < disty(Tmax, pirr(T)))
(see Figure 5), so to finish the proof, it is enough to prove the claim for iff‘. As before,
since 7' is mapped to the triangle determined by the points cpig(%, M), ¢sr(1, My), and

ir (1, My — 1), we see that
disty (Zmax PiR r(T3)) = min{[ZTmax — @iﬁ(%7 M)y [Tmax — Spiﬁ(L M) — %)’y} (6.5)

Write 2 = @5 1, (1, M) = ¢;32(0, My). Now

losr (3, My) — zly = lpsn(3, M) — ‘Pimm(o M)y = A;r(3,0)]y

n

§ <(2)\) Z ’f) A2

_2@) 1o
3 2) +1

and

losr(1, My — 3) — zly = l@sr(1, My — 3) — @imaxm(o M)y = [Asr(1,=3)ly
Z 1
2\ - )\Zn
<( A 3>

_ ((2)\) Myl —>)\2”
3 ?

22 +1

and a standard calculation shows that \gpig(%M,\) —zly = |psr(1, My — l) zly. 1
particular, by (6.6) and the reverse triangle inequality, we have disty(Zmax, pir (TA))

‘fmax — goig(%, M,\)|y. Now

|flnaX - Z| |S01max|2n(3’ MA) Lpimalen(]" M)‘)|y
21— (2)) 2"

— | A, 2 2. \=) 2n
| 1max|2n(37 )|y 3 2)\+1 9
and by using the reverse triangle inequality as before, we have
‘Emax_SOi ( M)y 2 [Tmax — 2]y — |<Pi (zaMA) —zly
>2.W_2(2/\) )\2n>g'2,\2_ 2(23)~* >\2n:2)\—1)\2n
3 2\ +1 ~ 3 2\ +1 4N ’

for any n > 1. Therefore, by choosing C = mm{ 6)\+3, 6/\21JF3A, 4)\41} > 0, the claim
follows. 0

Lemma 6.12. Let € R? be such that T\ N (Vo + ) = (). Then there are constants
C, K > 0 depending only on A such that

#Xn([Vo + 2loan) < K,
for alln € N.
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Proof. 1t suffices to find a constant C' > 0 such that
#53,([Vo + alenen) < K, (6.6)

for all n € N, since then, by symmetry, for any n € N we have #%,,([Vo + z]oxn) < 4K.
Let us first assume that T\ C H™'(x,V}), that is, the line Vj + z lies below Ty. By
induction, it is easy to see that for any C < 35 the set £3, ([Vo + #]caze) contains at
most the word i;.

For the other case T\ C H™ (z, V) we show by induction that for every n € N there
is a constant C' > 0 such that the set ¥, ([Vo + 2]ca2n) contains at most the word
imax|on- By Lemma 6.11, we may choose a constant C' > 0 such that for any n > 1 and
i€ {ik iff iRRY we have disty(Tmax, pi(Th)) = CA?". Moreover, if n = 1, then we

n)—nmd’»n

have disty(fmax,goif (T))) = CA? and therefore, [Vo + ZTmax]caz = By(Tmax, CA?) does
not intersect the set goilL(T)\). Since the only words in ¥4 are if and ipayx|2, we see that

Y3 ([Vo + Zmax]oa2) contains at most the word imax|e. Since T lies below Vg + Tax, this
is also true for any = € R? satisfying projy,_(z) > projy._ (Tmax)-
Now assume that the set Eé(nil) ([Vo+] gp2(n-1)) contains at most the word imax|o(n—1)-

Since CA?" < CX2("=1 | the only cylinders that could intersect [V 4+ x]cy2n are the
ones corresponding to the children of ipax|om—1), Which are precisely the cylinders
determined by imax|on, 1L, if, and if®. By relying on Lemma 6.11, we see that
[Vo + z]caen = By(x,CA*") does not intersect ;1 (Tx), w3r(Th) or @;rr(Ty), which

finishes the proof. O

Proof of Lemma 6.6. Let © > K, V; € RPg, and = € R? be such that T\ N (V + ) = 0.
The case t = 0 follows from Lemma 6.12, so by symmetry we may assume that ¢ > 0. We
first consider the case T\ C H™ (x, Vp). Without loss of generality, we may assume that
the first coordinate of z is 1 and note that then Ty C H* (z, Vo) N H ™ (z, V). By Lemma
6.12, there are constants c;, K > 0 such that #3,([Vo + 2] an) < K for all n € N and
therefore, by Lemma 6.9, there is a constant ¢ > 0 such that #3,([Vi + 2]cyeoan) < K
for all n € N.

For the case T\ C H™ (z,Vph), we let tp = 0 and for any n € N we define ¢, =
(20" (341 (20)7F). Further, let 6 = 0 and
o ln—1+1tn
= 5 .

Clearly d,, is strictly increasing with n. Let k be the unique integer satisfying §,_1 < t < dj.
Since ¢t < O, there is a natural number N = N(©, \) such that £ < N. By a geometric
argument similar to the proof of Lemma 6.12, it is possible to show that there is a
constant C' = C(©) > 0 such that T\ N [V; + z]c = ¢4, (Tx) N [V; + x]c. Therefore, by
Lemma 6.5, for any n > k and r < C' we have

Za([V +2lr) = {d1led € Ba: 93(T0) N (5, (Ve +alr)) # 0} (6.7)

C {i1|kj € Xyt jE En—k([%iﬂk + y]c)ﬁkr)}’

By Lemma 6.5 and the choice of k, we have

On

1 1
—5 N <y, < 50T,
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and since k < N, we see that [t;,, | < 1—¢, where e = (1 — 3(2A)N ). By symmetry, we

may assume without loss of generality that 0 < t;

< 1—¢ and that projy, (y) = . Let

1k

¢, K > 0 be as in Lemma 6.12. Then for any n > N, we have #3%,, ¢ ([Vo + y]on-+) < K
and, by applying Lemmas 6.8 and 6.10, we see that there exists a constant ¢ > 0 such
that

#5nk([Viyy ), + Ylern—s) < K.

1k

In particular, using (6.8), we have

#En([v + x]c)\") < #En—k([wl + y]c)\"*k) < K,

1k

for all n large enough such that eA" N < C, and the claim follows. O

[

(19]
20]

(21]
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